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PREFACE. 



The importance of studying the properties of the Conic 
Sections by geometrical methods before entering upon 
the algebraic theory cannot, I think, be too much 
insisted upon, whether regarded as an introduction to 
the study of Newton, or with a view to a more 
complete understanding subsequently of the principles 
of Analytical Geometry. 

The advantage of observing this order is now so 
fuUy recognised at Cambridge, that during the first 
three days of the Examination for Honours the geo- 
metrical method is alone admissible. 

At the same time I beUeve that this mode of 

treating the subject has not received in Schools the 

attention which it deserves, and I cannot but think 
that this is in a great degree owing to the want of 

a book altogether suited for the purpose. 

In the following pages, which were originally com- 
piled for the use of my own pupils at Blackheatli , 
I have aimed at supplying this deficiency, and I have 
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endeavoured to place the subject before the student 
in such a form, that, after mastering the elements of 
Eudid, lie may find it m easy and interesting con- 
tinuation of his geometrical studies. 

With a view also of rendering the Work a complete 
Manual of what is required at Cambridge^ I have 
either embodied into the text, or inserted among the 
examples, every book-work question, problem, and rider, 
which has been proposed in the Senate House up to 
the present time. 

The principal points in which the present Treatise 
will be found to differ from those *now in use are the 
following : — 

(1.) The three Conic Sections are defined in a imi- 
form manner. 

(2.) The use of the Second Book of Euclid is avoided, 
as much as possiile, as having a tendency to lead to 
algebraical methods of reasoning. 

(3.) The properties of the elUpse and hyperbola 
which depend upon the directrix are fully given^ and 
the analogy between these curves and the parabola is 
thus maintained. 

(4.) A method of proving the fundamental property 
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of the tangents has been adopted, which, while it 
presents the idea of a limit in its simplest form, is 
applicable, word for word, to each of the three curves. 

(5.) With a view to simplification, several of the 
demonstrations have been much modified from the form 
in which they are usually presented, among which I 
may particularly mention those propositions which re- 
late to the properties of conjugate diameters in the 
ellipse, and of the asymptotes in the hyperbola, and the 
proof that QV^ = 4>SP.P V in the parabola; while 
many important theorems admitting of an easy geo- 
metrical solution are introduced. 

(6.) A full discussion is given in a distinct chapter 
of the Sections of the Cone. Figures are drawn repre- 
senting the position of the foci and of the directrices 
of the sections in every case. 

W. H. DREW. 
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Marck l^tk, 1867. 
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Page 9, line 10, fw " last Proposition," rtad " Prop. IV.** 

— 11, — 16, /or"iii»/'read«'^i^." 
_ 11, _ VI, f(^'' an;' read'' ASr 

— 13. — 18, /or"OQ,'*«a<i"/8rQ." 
-^ 13, — 19, /or" OQV'r«id'*/»QV' 

— 24, — 2, /or " radius," rcoci " diameter." 



CONIC SECTIONS. 



INTRODUCTION. 

1. Def. The curve traced out hj a point which movea in 
such a manner that its distance from a given fixed point 
continually bears the same ratio to its distance firom a given 
fixed line, is called a Conic Section. 

The fixed point is called the Focu3^ and the fixed line the 
IHrectrix. 



Thus if 5 be the focus, and KK' 
the directrix, and P a point fi:om which 
PM is drawn at right angles to the 
directrix, the curve traced out by P 
will be a Conic Section, provided P 
move in such a manner that 8P 
always bears the same ratio to PM. 
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(1.) When the distance from the 
fixed point is equal to the distance 
from the fixed line, that is, when 8P 
is equal to PMy the Conic Section is 
called a Parabola. 



-7P 
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(2.) When the distance from the fixed point is less than 
the distance from the fixed line, that is, when the ratio which 

B 
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8P bears to PM is less than unity, the Conic Section is 
called an Ellipse, 

(3.) When the distance from the fixed point is greater 
than the distance from the fixed line, that is, when the ratio 
which 8P bears to PM is greater than unity, the Conic 
Section is called an Hyperbola, 

2. The reason of the term Conic Sections being applied 
to these curves, is that when a Cone is intersected by a plane 
surface, the boundary of the section so formed will, in general, 
be one or other of these curves. 

I purpose to investigate the properties of the Conic Sections 
from the definitions given above, and afterwards to show in 
what manner a Cone must be divided by a plane in order 
that the curve of intersection may be a Parabola, Ellipse^ or 
Hyperbola. 



CHAPTER L 



THE PAEABOLA. 



Peop. I. 

3. The focus and directrix of a parabola J)eing given, to 
find any number of points on the curve. 
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Let 8 be the focus, and KK' the directrix. 

Draw X8x at right angles to the directrix, and Hsect the 
line 8X in -4 ; then 

since AS^AX^ 
•\ ^ is a point on the curve. 

The point A is called the VertMo, and the line J./?, "with 
respect to which the curve is evidently symmetrical, is called 
the Axis, 

. B 2 
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« 

On the directrix take any point Jf ; join SM; and draw 
MP at right angles to the durectrix. 

At the focus 8 make the angle MSP equal to the angle 
8 MP; then 

SP^PM, 

/. P is a point on the curve. 

So by taking any number of points, M', M", on the 
directrix, we may obtain as many points, P', P'\ on the 
curve as we please, and the line which passes through A and 
all these points will be the parabola whose focus is 8 and 
dirfectrix KK'. 

Cor. 1. As -W is taken further away from the point X, 
the angles 8MPy MSP, and, consequently, the lines SP and 
PM continually increase. Hence the curve recedes at the 
same time both from the axis and directrix ; and since the 
angle SMP can never exceed a right angle, and the lines 
SP and MP will therefore always meet, it is evident that 
the curve will branch off to an indefinite distance on both 
sides of the axis. 

Cob. 2. The parabola may be described practically in the 
following manner. 



K 
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AS X 

Let 8 be the focus and KX be the directrix ; and let a rigid 
bar QM, having a string of the same length as itself fastened 
at one end Q, be made to slide parallel to the axis with the 
other end M on the directrix ; then if the other end of the 
string be fastened at the focus, and the string be kept 
stretched by means of the point of a pencil at P, in contact 
with ihe bar, since SP will always oe equal to PM, it is 
evident that the point P will trace out the parabola. 
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Pkop. II, 



4. The distance of any point inside the parabola from the 
focus is less than its distance from the aixectrix; and ihe 
distance of any point outside the parahola from the focua ia 
greater than its distance from the directrix. 




' (1.) Let Q be a point inside the parabola. 

Draw QM at right angles to the directrix, meeting the 
parabola in P; join 8P] then 

since 8P=^PM, 

.-. 8PmiPQ=QM. 

Bui SPsjidPQ > 8Q, 

.-. QM> 8Q. 

(2.) Let Q be a point outside the parabola. 

Draw MQ ai right angles to the directrix, and produce it 
to meet the parabola in P; join 8P; then 

since 8Q and QP > 8P, 

aiid/SP=Pilf, 

.-. 8Qmi QP>PM, 

.-. 8Q > QM. 

Cor. Conversely a point will be inside or outside the 
parabola according as its distance from the focus is less or 
greater than its distance from the directrix. 

5. Def. The line PN (aee fig. Prop. III.) drawn at right 
angles to the axis from the point P in the curve is called the 
Ordinate of the point P, and the line AN the Abscissa. 
The double ordinate BC drawn through the focus, and 
terminated both ways by the curve, is called the Latus 
Bectum. 
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Prop. III. 
The Latus Eectum B 0=4: A 8. 



K 
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P^^"^"^ 








( 


S N 



Draw BK at right angles to the directrix. 

Then 8B= BK= SX= 2 AS, 
.'. BG=4:AS. 

6. Def. If a point P' be taken on the parabola {see fig. 
Prep. IV.) near to P, and PP' be joined, the line PP' pro- 
duced, in the limiting position which it assumes when P is 
made to approach indefinitely near to P, is called the Tangent 
to the parabola at the point P. 



Prop. IV. 

If the tangent to the parabola at any point P intersect the 
directrix in the point Z; then 8Z will be at right angles to 
SP. 

Let P' be a point on the parabola near to P. 
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Draw the chord PP\ and produce it to meet the directrix 
inZ; join 8Z. 

Draw PM, FM' at right angles to the directrix ; join SP, 
8P ; and produce PS to meet the parabola in Q, 
Then, since the triangles ZMP, ZM'F are similar, 

.-. ZP : ZP :: MP : M'P', 

:: 8P : 8P\ 

.'. 8ZhiQects the single P 8 Q. {Euclid, YI. Prop. A.) 

Now when P is indefinitely near to P, and PP becomes 
the tangent at the point P, the angle P8P' becomes indefinitely 
small, while the angle Q8P approaches two right angles, 
and therefore the sjigle P8Z, which is half of the angle 
P8Q, becomes ultimately a right angle. 

Hence, when P^is the tangent, 

the angle Z8P is a right angle, 

or 8Z is perpendicular to 8P. 

Cor. Conversely, if 8Z be drawn at right angles to 8P, 
meeting the directrix in Z, and PZ be joined, P^will be a 
tangent at P. 
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Prop- V. 

7. The tangent at any point P of a parabola bisects the 
angle between the focal distance 8P, and the perpendicular 
PJtton the directrix. 




Let the tangent at P meet the directrix in the point Z; 

) 



join 8Z; then since the angle Z8F is a right angle, {Prop. 
IV. 



.-. Z8*+8P' = PZ\ 
Also ZM* + MP*==PZ% 

.'. Za'+8P'^ZM' + MP'. 
But 8P=PM, 
.: Z8=ZM; 
Now in the triangles ZPS, ZPM, 

'.• ZP, P8=ZP, PM, each to each, 
and Z8= ZM, 
.'. the angle 8PZ=t]ie angle MPZ; 
or PZ bisects the angle 8PM. 
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COE. 1. If ZP be produced to jB, then the angle 8PR = 
the angle MPR. 

CoE. 2. It is evident that the tangent at the vertex A is 
perpendicular to the axis. 



Prop. VI. 

8. The tangents at the extremities of a focal chord inter- 
sect at right angles in the directrix- 
Let PSQ be a focal chord, and let the tangent at P meet 
the directrix in Z. 

Join 8Z\ then by the last Proposition 

the angle Z8P is a right angle, 

and .'. also the angle Z8Q is a right angle, 

.\ ZQ, is the tangent at Q, {Prop. IV. Cor.) 

or the tangents at the extremities of the focal chord P8Q 
intersect in the directrix. 

Again draw PJf, QJIf' at right angles to the directrix; 
then 

since MP, PZ^ 8Py PZ, each to each, 

and the angle MPZ^ the angle 8PZ, 

.-. the angle MZP^ the angle 8ZP, 

.-. the angle SZPiq half of the angle 8ZM, 

So the angle 8ZQ is half of the angle 8ZM', 

.\ the angle PZQ is half of the two 8ZMm^ 8ZM'. 

But the angles 8ZM and 8ZM' = two right angles, 

.*. the angle PZQ is a right angle, 

or the tangents at the extremities of a focal chord intersect 
at right angles in the directrix. 
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' Prop. Vn. 

9. K the tangent at any point P of a parabola meet the 
axis produced in the point T, and PN be the ordinate of the 
point P, then JVr= 2 udJV. 




Join 8P, and draw PM at right angles to the directrix ; 
then 

••• the angle 8PT= the angle MPT = the angle 8TP, 

.•• ST=SP. 

But 8P=^PM=XN, ^ 

.-. 8T=XN. 

But A 8= AX, 

.'. the remainder AT= the remainder AN, 

r. NT =2 AN. 

Def. The line NT 18 called. the 8vhtangenU 

10. Def. The line PG, drawn at right angles to PT, is 
called the Normal at the point P, and NO the Subnormal. 



pbop. vm. 

If the normal at the point P of a parabola meet the axis 
in the point O, then NG = 2 A8. 
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Since the angle SPG = the complement of the angle SPT^ 
and the angle SOP= the complement of the angle 8TP, 
and also the angle 8PT= the angle 8TP. {Prop. VII.) 
.-. the angle 8P0= the angle 8GP, 
.'. 8G = 8P. 
But 8P=PM=XN, 
/. 8G^XN. 
Taking away the common part 8N^ 

the remainder NG ^8X = 2A8. ^ 

Prop. IX. 

11, If P^be an ordinate to the parabola at the point P; 
t\iQnPN^ = 4:A8.AK 

Since TPG is a right angle, and PN perpendicular to TG, 
.'. P-ATis a mean proportional between T^and NG ; 
or PJVr» = TN. NG. [Euclid, VI. 8 Cor.) 
AW But2W=2ihSL (Prop. VII.) 'f'^^ --."//A^? 

,5 andiV^(? = 2 4^ (Prdjp. VIII.) '^ ^' ' ''^'' ^ 
.-. PN'^4:A8.AN. ' 

Prop. X. 

12. If the tangent at any point P intersect the tangent at 
the vertex in Y, then 8Y will bisect PT at right angles, 
and will be a mean proportional between 8 A and 8P. 

Draw PNsit right angles to the axis ; then 

since ^ Fis parallel to PN, 

.-. TY : YP:: TA : AN. 

But AT=AN, {Prop. VII.) 

.-. TY=PY; 

and •.• ySr, rP= SY, YT, each to each, 

and /SfP= flfr, (iVop. VII.) 

.-. the angle 8YP^ the angle 8YT, 

.\ 8Yv& perpendicular to PT. 



12 



CONIC SECTIONS. 



Again, since TY8 is a right angle, and YA perpendicular 
to /ST, 

.*. 8Yi& Sk mean proportional between 8T and SA ; 

or 8Y':=8T. 8 A. {Euclid, VL 8 Cor.) 

BvLt8T^8F, {Prop.YlL) 

.\ 8Y'=8P.8A. 

Cor. If PM be drawn at right angles to the directrix, and 
MY be joined, then 

since 8P, PY^MP, PY, each to each, 
and the angle 8PY= the angle MPY, {Prop. V.) 
.-. the angle 8YP= the angle MYP, 
.'. 8Y&iLd FJIf are in the same straight line. 



Pbop. XI. 

13. To draw a pair of tangents to a parabola from an 
external point. 
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Let be the giyen external p^t 

Join 08, and with centre and radius 08 describe a 
circle, cutting the directrix in M and M\ which it will always 
do, on whichever side of the directrix is situated, since 
is nearer to the directrix than to the focus. {Prop. IL) 

Draw MQ and M'Q parallel to the axis meeting the 
parabola in Q and Q. 

Join OQj OQ \ these will be the tangents required. 
Join 8Q and SQ ; theu 

•.• OQ, Q8= OQ, QM, each to each, 
and 08= OM, 
.'. the angle 0Q8= the angle OQM, 
.'. OQis the tangent at Q. {Prop. V.) 
So ^ is the tangent at Q, 

Prop. XII. 

14. If from a point a pair of tangents Q and Q' be 
drawn to a parabola, the triangles 08Q^ 08Q will be 
similar, and U8 will be a mean proportional between 0Q 
^ and 0Q. 

Join 8My cutting ^ at right angles {Prop, X. Cor.) in 
the point F; then 

since the angle /S^ (? = the angle M.Q 0, {Prop, V.) 

and that the angle MQ = the angle .8MM\ 

each of these angles being the complement of the angle QMY^ 

.-. the angle /S^ = the angle 8 MM'. 

But the angle 8MM' at the circumference is half the angle 
80M' at the centre, and is therefore equal to the angle 80 Q', 

.\ the angle 8Q0 = the ai^k 80Q^. 

So the angle 80Q=^iiiiQ ungle 8^0^ 

.•. the remaining angle 0/8^ = the remaining angle 08Q'. 
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And therefore the triangle OSQ in siioilar to the triangle 
08Q, 

.: 8Q : 80 :: 80 : 8Q, 

.'. 8Q.BQ = 80\ 

or 80ii& mean proportional between 8Q and 8Q. 



• Prop. XIII. • 

15. If a pair of tangents OQ, OQ be drawn to a para- 
bola, and OF be drawn parallel to the axis meeting QQ. in 
V, then Q Q shall be bisected in V 




Draw QM, QM at right angles to the directrix. 
Join OU, OM' ; and let Fmeet MM' in Z. 
■ Then, since 0M= OM', {Prop. XI.) 
.*. the angle OMZ= the angle OWZ, 
and the angle OZM= the angle, OZM', 
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and the side OZ is common to the triangles OZM, OZM', 

.'. MZ=M'Z. 
And becanse the lines QM, ZV, QM' axe parallel, 

.-. QV '. gV :: MZ : M'Z. 

But MZ=M'Z, 

.-. QV=Q'V, 

.*. QQ is bisected in F. 



. Pkop. XIV. 

16. K from a point a pair of# tangents OQ, OQ be 
drawn to a parabola, and F be drawn parallel to the axis 
meeting the parabola iji P, and Q Q in F, then the tangent 
at P will be parallel to Q Q', and V will be bisected in P. 




Draw the tangent BPE meeting OQ, OQ'mB and If. 

Join P Q, and draw B W parallel to the axis, meeting PQ 
in W; 
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Then, by the last Proposition, 

PW^ WQ. 

And because -B JFis parallel 4» OP, 

/. OR'. BQ y. FW: WQ. 

But PW^ WQ, 

.\ OR^RQ', 

so OE^EQ, 

.'. OR : RQ :: OR' : R'Q, 

.'. RE is parallel to Q Q. 

Again, since PR is parallel to ^ F, 

.-. OP: Py :: OR : RQ. 

iut OR^RQ, 

.'. OP^PV. 

Cor. From this it is manifest that if any number of parallel 
chords be drawn in a parabola, their middle Aibints will all lie 
on the line parallel to the axis which passes through the point 
where the tangent drawn parallel to the chords meets the 
parabola. 

Def. Any line PV, drawn from a point P in the parabola 
parallel to tne axis, is called a Diameter. 

The point Pis called the Vertex of the diameter PV; and 
the tangent at P the Tangent at the Vertex. 

The diameter consequently bisects all chords parallel to 
the tangent at the vertex, and the tangents at. the extremities 
of any chord will intersect in the diameter corresponding to 
that chord. 

Def, a line Q V, drawn parallel to the tangent at P from 
a point Q in the curve, is called the Ordinate to the diameter 
PV 

Pjbop- XV- 
17. If ^ r be an ordinate to the diameter PV, then Q V* 

= 4:.8P.PV. 
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Produce QV to meet the parabola in Q; and draw the 
tangents QO, Qf 0, meeting vP produced in the point 0. 
{Frop. XIV.) 

Also let the tangent at P meet OQ in B, and join 8P, 
SB, and 8Q. Now since from the point B two tangents 5P, 
B Q are drawn to the parabola, the triangle BP8 is similar 
to the triangle B8Q, {Prop. XII.) 

.'. the angle 8BP= the angle 8QB. 

But the angle 8QB = iiie angle 8TQ, {Prop. VII.) 

= the angle POB, 

.'. the angle 8BP = the angle POB^ 

and the angle 8PB = the angle OPB, {Prop. V. G(yr. 1.) 

.*. the remaining angle B8P = the remaining angle OBP, 

.\ the triangle 8PB is similar to the triangle POB, 

.'. 8P : PB :: PB : PO, 

.\ PB' = 8P.P0 

= 8P.PV, {Prop. XIY.) 

Again, since Q F is parallel to PB, 

V. QV : PB :: OV : OP. 

But F = 2 . OP, {Prop. XIV.) 

C 
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.-. QV=2.FB, 
.'. QT = A.PB\ . 

18. Dkf. The double ordinate to the diameter PV, drawn 
Tallel to the tangent at P, and passin 
called the Parameter of (Jie diameter P 



— — — _ — — -_ _ ^ 

parallel to the tangent at P, and passipg through the focoa, is 




Pbop. X 

The parameter of the diameter jt F= 4 . 8P. 

Q. 




Draw QSQ through the focus parallel to the tangent at P, 
and let the tangent at P meet the axis produced in T; then 

QV* = 4:.8P.PV, {Prop. XV.) 

.Bxi.tPV='8T=8P, {Prop.YH..) 

.: QV' = 4:8P'; 

OT QV = 2 8P, 

.: QQ = A8P. 
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Pbor XVII. 

19. If two chords of a parabola intersect one another, the 
rectangles contained hj their segments are in the ratio of the 
parameters of the diameters which bisect the chords. 




Let the chords Qq, Qq* intersect one another in the point 0. 

Bisect Qq, Q'q in Fand V ; and draw the diameters FV 
P' V parallel to the axis. ' 

Also, through draw OB parallel to PF; and through B 
draw 7? W parallel to QV. ^ 

Now, since Qq is divided equally in F and nneqnally in 
.-. QO.Oq=QV'^0 V\ [Euclid, II. 5,)" 

= QV'^RW\ 
=^4:SF.FV^4: 8P.PW, (Prop. XV.) 

= 4:SP.B0. 

So QO.Oq'^iSP'.RO. 
Hence QO. Oq : QO. Oi :: ASP : ASP'. 

C 2 
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By Euclidj II. 6, the same may be proved to be true if the 
point be without the parabola. 



Prop. XVin, 

20. If from an external point O a pair of tangents Qj 
^ be drawn to the parabola, and the chord QQw joined, 
the area of the figure bounded bj QQ and Uie curve is 
two-thirds of the tnangle QOQf» 




Draw the diameter V meeting the curve in P; and let 
the tangent at P meet OQ, OQ ia B and B\ 

Join QP, gP; then 

amce.OB = BQ, 

.-. the triangle OPB = J the triangle OPQ, 

= i the triangle VPQ. 



CONIC SECTIONS. 2l 

So the triangle OPE = i the triangle VPQ, 
.•. the triangle ORE = J the triangle PQ Q. 

Again, if through R and E we draw the diameters Rp^ 
Ep' ; and at the points^ and^' draw the tangents rpr^, rp'r^, 
we can prove in the same manner as before that 

the triangle Rrr^ = \ the triangle QpP^ 

and the triangle Err'^ = | the triangle Qp^P* 

Continuing in this manner to form new triangles by 
drawing diameters at the points r, r^, and r, r/, and tangents 
at the points where these diameters meet the curve, we can 
prove tnat the exterior triangles formed by the tangents are 
the halves of the interior triangles formed by joining the 
points of contact with the extremities of the chords. 

And the same will hold however the number of the triangles 
be increased.. 

Hence the sum of all the exterior triangles will be equal 
to half the sum of all the interior triangles. 

Now when the number of the triangles is increased in- 
definitely, the sum of the exterior triangles will represent the 
exterior figure* OQPQ\ and the sum of the interior triangles 
the area of the interior figure QPQ. Hence 

the area of the figure' (?(?P^ = \ the area of the figure QPQ!^ 

/. area of the figure QPQ = J the area of triangle Q Q', 

/. area of the figure QPQ' = f the area of triangle Q Q. 

21. Def. If with a point on the normal at P as centre 
and OP as radius, a circle be described touching the parabola 
at P and cutting it in Q ; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. [See fig. Prop. XIX.) 
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Prop. XIX, 

The chord of the circle of curvature, at a point P of a 
parabola, drawn parallel to the axis =^ 4: 8 P. 

Let PjTbe the tangent, and PG the normal at the point P. 

With centre. and radius OP describe a circle cutting the 
parabola in the point Q, 

Draw B QX parallel to the axis meeting the circle in X 
and the tangent at P in R. 

Also draw QV parallel to PP, and PW parallel to the 
axis; then 

since RP touches the circle at P, 

.\ RQ.RX= PR\ [Euclid, HI. 36.) 
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BxitPB^=QV'^4 8P:PV, [Prap.XY.) 

.\ BQ.BX^48P.PV. 

But BQ = Pr, 

.-. BX = 4:8P. 

Now when the circle becomes the circle of curvature at P, 
the points B and Q move up to and coincide with P, and the 
lines BX and P W become equal. 

Hence the chord of the circle of curvature parallel to the 
axis = 4 8P. 

Cor. 1. If P?7be the diameter of the circle of curvature, 
and PF the chord through the focus ; then 

since the angle FPU= the angle WPU, {Prop. VIII.) 

.'• PF^PW=4:8R 
Cor 2. If /ST be drawn at right angles to PT; then 
th« triangle PFU is similar to 8YP, 
.-. PU: PF:: 8P : 8Y, 
or per : 4:8P:: 8P : SY. 



PROBLEMS ON THE PARABOLA. 



• 1. The radius of the circle described about the triangle 
BA G is equal to 5 A 8. [See fig. Prop. IIL) 

2. If from the point O^ OK be drawn at right angles to 
8P, then PK=2AS. {See fig. Prop. III.) 

\ 

3. If the triangle SPG is equilateral, then 8P is equal to 

the latus rectum. [See fig. Prop. VII.) 

4. P^ is a common tangent to a parabola and the circle 
described on the latus rectum as diameter ; prove that SP 
and SQ make equal angles with the latus rectum. 

5. Prove that PY.PZ^ SP"", and that PY. YZ= AS. 
SP. {See fig. Prop. VIL) 

6. If PL be drawn at right angles to AP, meeting the 
axis in L, and PN be the ordinate of P, then NL = AAS. 

7. The tangent at any point P of a parabola meets the 
directrix and latus rectum produced in points equally distant 
from the focus. 

• 8. Prove that NY= TY, and that TP. TY= T8. TK 
{See Jig. Prop. VIL) 

' 9. If a circle be described about the triangle 8PN, the 
tangent to it from A = \ PN. [See jig. Prop. VII.) 
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• 10. If the ordinate of a point P bisect the subnormal of 
P', the ordinate of P is equal to the normal of P'. 

11. If from any point on the tangent to a parabola a line 
be drawn touching the parabola, the angle between this line 
and the line to the focus from the same point is constant. 

12. A circle and parabola have the same vertex and axis. 
BA' C is the double ordinate of the parabola which touches 
the circle at A\ th« extremity of the diameter through the 
vertex A. PP' is any other ordinate of the parabola parallel^ 
to this, meeting the axis in N, and AB produced in B\ 
prove that the rectangle BP. BP' is proportional to the 
square of the tangent cirawn from N to the circle. 

13. Draw a parabola to touch a given circle at a given 
point, and such that its axis may touch the same circle in 
another given point. 

14. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another Rne be drawn parallel to the 
axis meeting the chord, tangent, and curve, this line will be 
divided by them in the same ratio as it divides the chord. 

15. If the diameter PV meet the directrix in 0, and the 
chord drawn through the focus parallel to the tangent at P in 
F, prove that PF=Pa 

16. Prove that the locus of the intersection of a diameter 
PV with the chord drawn through the focus parallel to the 
tangent at P is a parabola. 

17. If a circle and parabola have a common tangent at P 
and intersect in Q and B ; and Q F, UB be drawn parallel to 
the axis of the parabola meeting the circle in F and U re- 
spectively, then FZ7is parallel to the tangent at P. 

\%. AB and -4(7 are two lines at right angles to each 
other. From a fixed point C on ^ (7, GB is drawn parallel 
to AB. On AB^ produced if necessary, P is taken such that 
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the perpendicular PN upon A Bis equal to GB. Prove ttat 
the curve traced out by P is a parabola. 

19. If from a point P of a circle P<7 be drawn to the 
centre ; and B be the middle point of the chord PQ drawn 
parallel to a fixed diameter A UB, theu the curve traced out 
by the intersection of CP and AB is ei parabola. 

20. If two equal tangents OQ, ^ be cut by a third 
tangent, their alternate segments are equal. 

OQQ'. Prove that the circle described about the triangle 
QEQ' will pass through the focus. {See Jig. Prop. XIII.) 

22. P8p is any focal chord of a parabola. Prove that -4P, 
Ap will meet the latus rectum in two points Q, q, whose 
distances from the focus are equal to the ordinates of ^ 
and P. 

23. P8p is a focal chord oi a parabola, BDr the directrix 
meeting the axis in D ; and Q any point on the curve. Prove 
that if QP, Qp be produced to meet the directrix in -B, r, half 
the latus rectum is a mean proportional between DB, Br. 

24. OP and Q are two tangents to a parabola. On QO 
produced, Q is taken equal to Q; prove that 08.PQ' = 
OP. OQ. 

25. If QD be drawn at right angles to the diameter PF, 
then Q1)* = 4A8.PV. 

26. If through any point on the axis of a parabola a 
chord PO ^ be drawn, and PJf, ^^be the ordinates of the 
points Pand Q, prove that AM. AN== AO^. 

27. If -4 P and AQhe drawn at right angles to each other 
from the vertex of a parabola, and PM, QNhe the ordinates 
of P and Q, prove that the lattts rectum is a mean proportional 
between AM and AN. 
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28. OAPiQ the sector of a circle whose centre is 0. J£ 
the radius OA remain fixed while the angle ^ OP changes 
the centre of the circle inscribed in the sector, A OP will trace 
out a parabola. 

29. Q8Q^ is a focal chord parallel to ^P; PA"; QM, 
C iT are the ordinates of P, Q and Q\ Prove that 8M^ = 
AM. AN and that MM' = AP. 

30. PQ, PQ' are drawn from any point P cutting the 
ordinates Q*V,QVmIf and P, prove that FP is to V'B' in. 
the triplicate ratio oi QVto Q'V . 

31. On a chord of a parabola as diameter a circle is described 
cutting the parabola again in two points. If these points be 
joined the portion of the axis between the two chords is equal 
to the latus rectum. 

32. If OQ, ^' be a pair of tangents to a parabola, and 
the chord QQ' he a normal to the curve at (?, then OQ ia 
bisected by the directrix. 

33. Two equal parabolas having the same focus and their 
axes in contrary directions intersect at right angles. 

34. The radius of curvature at the extremity of the latus 
rectum is equal to twice the normal. 

35. If from any point P of a parabola PF and PH be 
drawn making equal angles with the normal PG^ then 8G^ = 
8F . 8H. 

36. If a triangle be inscribed in a parabola, the points when 
the sides produced meet the tangents at the opposite angles 
are in the same straight line. 

37. If the tangents OQ, OQ* be cut by a third tangent in 
P, R prove that 

OB : RQ :: RQ : OR. 
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38. If fix>m the vertex of a parabola chords be drawn at 
right angles to one another, and on them a rectangle be 
described, the curve traced out by the further angle is a 
parabola. 

39. Prove that 2 PF is a mean proportional between AP 
and the chord of the circle of curvature at the point P of the 
parabola drawn through the vertex A. {See Jig. Prop. VII.) 

40. Prove that 2 8P is a mean proportional between A 8 
and the portion of the axis of the parabola cut off by the circle 
of curvature at P. 

41. If a circle described upon the chord of a parabola as 
diameter meet the directrix it also touches it, and all chords 
for which this is possible intersect in a point. 

42. If a parabola roll upon another equal parabola, the 
vertices originally coincidmg, the focus traces out the 
directrix. 

43. The circle of curvature at the extremity of the latus 
rectum intersects the parabola on the diameter of curvature 
passing through the point of contact. 
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CHAPTER II. 



THE ELLIPSE. 



22. Def. The Ellipse is the curve traced out by a point 
which moves in such a manner that its distance from a given 
fixed point continually bears the same ratio, less than unity, 
to its distance from a given fixed line. {See Introdvction.) 



Prop. I. 

The focus and directrix of an ellipse being given, to find 
any number of points on the curve. 

Let 8 be the focus and MX the directrix. 

Draw 8X at right angles to the directrix, and divide 8X 
in the point A, so that 8 A may be to ^Xin the given fixed 
ratio less than unity ; then 

^ is a point on the curve. 

On X8 produced take a point A', such that 

8A' : A'X :: 8A : AX; 

then A' will also be a point on the curve. 

On the directrix take any point M; and through M and 8 
draw the line MY8Y', meeting A Y and A' Y', drawn at 
right angles to A A', in the points Zand Y\ 

On YY' as diameter describe a circle, and draw MPF 
parallel to AA\ cutting the circle in the points P and F ; 

P and F will be points on the ellipse. 
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Join PY, PT, SP, S'P; then since 

8Y '. YM '.: SA : AX, {Euclid, YI. 2.) 
«aAST : Y'M :: SA' : A'X, [Euclid, VI. 2.) 
and that 8A : AX :: 8 A' : A'X, 
.'. 8Y : YM :: 8Y' : YM; 
and the angle YPY' in a semicircle is a right angle, 
.'. hj the converse oi Euclid, VI. Props. 3 and A, 
P Y bisects the angle 8PM, 
.-. 8P : PM :: 8Y • YM, 



So 


we 


may 


show that 












8F : P'M:: 


8Y: 


YM, 








• • 

• • 


8 A : 


AX, 



.*. Pand P' are points on the curve. 

In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 
please. 



__ «• 



CONIC SECTIONS. 31 

Cor. 1. Since, corresponding to every point P on the curve, 
there is a point P situated in precisely tne same manner with 
respect \o A Y' as P is with respect to A Y, it is clear that 
if we make A' 8' equal to AS, and A'X' equal to AX, and 
draw X'Jif at right angles to AX', the curve could be equally 
well described with 8' as focus and MX' as directrix. 

The ellipse is therefore symmetrical, not only with respect 
to the line A A', but also with respect to the line C drawn 
through the middle point of YY' at right angles to and 
bisectmg J[^'. 

Cor. 2. The Une OP will bisect the angle SP8'. 

Let OP meet 88' in G. Produce MP to meet X'M' in 
M', and draw OM passing through the focus ;8" ; then 

since /gP: PM :: 8A : AX, 

mdL8'P: PM' :: 8' A' : A'X', 

:: 8A : AX, 

/. 8P: PM :: 8'P : PM'. 

Alternately 8P : 8'P :: PM : PM'. (1) 

Again, 8G: PM :: OG : OP, 

ani8'G : PM :: OG : OP, 

.'. 8G : PM :: 8' G 7 PM'. 

Alternately 8G : 8' G :: PM : PM, (2) 

••. from (1) and (2) 

8P: 8'P :: 8G : 8' G, 

.-. PG bisects the angle 8P8'. [Euclid, VI. 3.) 

It will be shown hereafter {Prop. XI.) that the noi'mal 
to the ellipse at the point P also bisects the angle 8P8'. 
Hence the ellipse and circle have the same tangent at the 
point P. 

The ellipse will consequently touch all the infinite series 
of circles which can be described in the same manner as the 
one in the figure by taking different points on the directrix. 
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Join PY, PT, 8P, ST; then since 

8Y: YM :: 8 A x AX, {Euclid, YI. 2.) 
and 8Y' : Y'M :: 8A' : A'X, {Euclid, VI. 2.) 
and that 8A : AX :: 8 A' : A'X, 
.-. 8Y : YM :: 8Y' : TM; 
and the angle YPY' in a semicircle is a right angle, 
.-. by the converse oi Euclid, VI. Props. 3 and A, 
Pr bisects the angle 8 PM, 
.'. 8P : PM :: 8Y : YM, 



8 A : ^X 



So we may show that 

8^ : FM 



8Y 

8A 



YM, 
AX, 



.'. P and P are points on the curve. 

In the same way, by taking other points on the directrix, 
we may obtain as many more points on the curve as we 
plea«e. 
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Cor. 1. Since, corresponding to every point P on the curve, 
there is a point P situated in precisely the same manner with 
respect to J.' F' as P is with respect to ^ F, it is clear that 
if we make A 8' equal to AS, and A'X' equal to AX, and 
draw X' M' at right angles to AX', the curve could be equally 
well described with 8' as focus and MX' as directrix. 

The ellipse is therefore symmetrical, not only with respect 
to the line AA', but also with respect to the line C drawn 
through the middle point of YY' at right angles to and 
bisectmg A A', 

Cor. 2. The line OP will bisect the angle 8P8'. 

Let OP meet 88' in G. Produce MP to meet X'M' in 
M'y and draw OM' passing through the focus 8' ; then 

since 8P : PM :: 8 A : AX, 

fmi8'P: PM' :: 8' A' : A'X', 

.-. 8P: PM :: 8'P : PM'. 
Alternately 8P : 8'P :: PM : PM'. (1) 
Again, 80 : PM :: OG : OP, 
Sijii8'G : PM :: OG : OP, 
.-. 8G : PM :: 8' G i PM. 
Alternately 8G : 8'G :: PM : PM', (2) 

.'• from (1) and (2) 
8P: 8'P :: 8G : 8'G, 
,-. PG bisects the angle 8P8'. {Euclid, VI. 3.) 

It will be shown hereafter {Prop. XI.) that the noi^mal 
to the ellipse at the point P also bisects the angle 8P8'. 
Hence the ellipse and circle have the same tangent at the 
point P. 

The ellipse will consequently touch all the infinite seriea 
of circles which can be described in the same manner as the 
one in the figure by taking different points on the directrix. 
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Pbop. IL 

23. If G be the middle point of A A, then GA is a mean 
proportional between GS and C/X, 

or G8.GX= GA\ {See fig. Prop. HI.) 

Since SA : A' X :: 8A : AX. 

Alternately 8 A' : 8A :: A'X : AX, 

/. 8 A + 8A : 8A :: AX+AX : AX; 

or AA : 8A :: XX' : AX, 

or CA : GX :: 8A : AX. (1)* 

Again, 8 A' : SA :: A'X : AX, 

.: 8 A' -8A : 8A :: A'X -AX : AX; 

0x88' : 8A :: AA' : AX. 

Altematelj 88' : A A' :: 8A : AX; 

or CS : CA :: 8A : ^X (2) 

Hence from (1) and (2) 

CA : CX :: C8 : CA, 

.: GA'= CX.C8; 

or CA is a mean proportional between C8 and 8X. 

CoE. Since the three lines C8, CA, CX are proportional, 
therefore, by the definition of duplicate ratio and Ettdid, 
VI. 20 Cor. 

C8 : ex.: C8' : CA\ (3) 

Pbop. III. 

24. K P be any point on the ellipse, then 

8P+ 8'P=AA'. 

« 

*.N.6. The results (1), (2), (3), should be remembered, as. they will fre- 
quently be referred to. 
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Since 8P : PM :: 8A 

saiASA : AX :: AA' 

.-. 8P: PM :: ^^' 

So 8'P : PJT :: ^^' 

. 8P+8'P: PM+PM" 

But Pjlf + PM' = jlf ilf ' = XX', 
.'. 8P+8'P=AA'. 



AX, 

XX', (Prop. II.) 

XX'. 

XX', 

I j3i.A ! .JL.JL m 



Cor. By means of this property the eUipse may be prac- 
tically described and the form of the curve aetermined. 

Let a string, equal in length to A A, have its ends fastened 
to two points S and 8' ; and let it be kept stretched by 
means of the point of a pencil at P; then since 8P+ 8 P 
will be always equal to AA^ the point P will trace out the 
ellipse. 

25. Def. If B CB' be drawn at . right angles to A GA\ 
meeting the ellipse in B and B\ it is evident that A A and 
BB' are respectively the longest and sliortest lines that can 
be drawn in the ellipse. {8eefig, Prop, IV.) 

A A is called the Major Aayis and BB' the Minor Axis of 
the ellipse. 

In most geometrical treatises the ellipse is defined as the 
curve traced out by a point which moves in such a manner 
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that the stun of its distances from two fixed points is always 
the same ; but it appears that the properties of the curve are 
more clearly exhibited by defining it in a manner analogous 
to the parabola, and deducing immediately from that defini- 
tion the property in question. 

Having now shown that one definition necessarily includes 
the other, we are at liberty in our future investigations to 
make use of whichever property is most convenient. 



Prop. IV. 

26. If BCht the semi-minor axis of the ellipse, then 

BCr= CA*-C8\ 



A 




Join SB, 8'B; then 

since SB+S'B- 

and that SB 

.-. SB 

But B(P 

,\ B(y 



A A', 
S'B, 
AC. 
SB" 
GA" 



[Prop, ni.) 



CS', 
CS". 
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Pbop. V. 

27. The sum of the distances of any point from the foci 
of an ellipse will be less or greater tlian A A' according as 
the point is inside or outside the ellipse. 




(1.) Let Q be a point inside the ellipse. 

Join 8Q^ S' Qi and produce 8Q ix> meet the ellipse in P- 
join 8'Pf then 

since 5'P+ QP> S'Q, 

.'. 8'P-^SP> 8'Q+8Q. 

But T3'P+8P= A A', {Prep. III.) 

/. 8Q+8'Q < AA\ 

(2.) Let Q be a point outside the ellipse. 

Join 8Q, 8' Q, and let 8Q meet the ellipse in the point P; 
join 8'P; then 

since 8'Q+QP> 8'P, 

.-. 8'Q+8Q> SP-^- 8'P. 

But 8P+8'P= A A', {Prep. III.) 

.\ 8Q+ 8'Q >AA'. 

Cor. Conversely, a point will be inside or outside the 
ellipse according as the sum of its distances from the foci is 
less or greater than A A'. 

d2 
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28. Def. If a point P" be taken on the ellipse near to P, 
[see jig. Prop. VI.) and PP' be joined, the line PP' produced, 
in the limiting position which it assumes when P is made to 
approach indefinitely near to P, is called the Tangent to the 
ellipse at the point P. 



Prop. VI. 

If the tangent to the ellipse at any point P intersect the 
directrix in tne point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then 8Z will be at 
right angles to 8 P. 

Z' 




Let P' be a point on the ellipse near to P. 

- Draw the chord PP, and produce it to meet the directrix 
in Z; join 8Z. 

Draw PMy P M 2± right angles to the directrix, and join 
8P, 8P. 

Produce P8 to meet the ellipse in the point Q ; then since 
the triangles ZMP, ZM'F are similar, 
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.-. ZP : ZF :: MF : ifP', 

:: 8P : 8F, 

.'. SZhiaecis the angler 8 Q. {Euclid, Yl. Prop. A.) 

Now when P is indefinitely neax to P, and PP' becomes 
the tangeft at the point P, the angle P8P' becomes indefi- 
nitely small, while the angle Q8P approaches two right 
angles ; and therefore the angle Z8P, being half of the 
angle P 8Q, becomes ultimately a right angle. 

Hence when PZ becomes the tangent at the point P, 

the angle Z8P is a right angle, 

or 8Z\& perpendicular to 8 P. 

Cor. 1. Conversely, if 8Z be drawn at right angles to 8P 
meeting the directrix in Z, and P^be joined, P^ will be the 
tangent at P. 

Cor. 2. K ZP be produced to meet the other directrix on 
the point Z, and 8' Z' be joined, then 

8'Z is at right angles to 8' P. 

Cor. 3. The tangents at the extremities of the latus rectum 
or double ordinate through the focus meet the axis produced 
in the point X, 

Prop. VIL 

The tangent to the ellipse at any point P makes equal 
angles with the focal distances 8P and 8' P. 

Let the tangent at P meet the directrices in Zand Z. 

Draw MPM' at right angles to the directrices, meeting 
them in -3f and Jf' respectively ; join 8Z, 8'Z ; then 

8P: PM:: 8'P: PM' ; 

and since the triangles MPZ, MPZ^ are similar, 

PM\ PZ :: PM' : PZ\ 

.'. 8P: PZ:: 8'P : PZ. [Ex cequali.) 
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Now in the triangles 8PZy S'PZ", because the sides about 
the angles SPZ, S'PZ are proportional, and the angles P8Z^ 
PS'Z' are equal, being right angles, and the angles 8ZP, 
8'ZP are each less than a right angle, 

/. the triangles 8PZ and. 8'PZ' are similar, {Euclid, VI. 7.) 

/. the angle 8PZ= the angle 8'PZ'. 

Cob. If /S'P be produced to W; then 

the angle 8PZ = the angle WPZ. 



Prop. VHI. 

The tangents at the extremities of a focal chord intersect 
in the directrix. 

Let P8Q be a focal chord, and let the tangent at P meet 
the directrix in ^. 

Join 8Z; then 
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the angle Z8P is a right angle, {Prop. VL) 

and .'. also the angle Z8Q is a right angle, 

.*. ZQ\& the tangent at Q ; {Pnp. VI. Ccr, 1.) 

or the tangents at the extremities of a focal chord intersect 
in the directrix. 



Pbop. IX. 

29. If the tangent at P meet the axis major produced in T, 
and PN be the ordinate of the point P, then 

CT, CN= CA'. 




Draw MPM" parallel to the axis mdjor meeting the direc- 
trices in if and m ; and produce S'P to W; then, since PT 
bisects the angle 8P W, [Pi-op. VII. Cor.) 



S'T: 8T 



S'P : 8P, {Eudtd, YI. A.) 
PM" : PM, 

X'N : XN, 



.'. 8'T+8T: 8'T-8T'.: X'N+XN: X'N-XN; 
or 2GT:2C8::2CX:2 CN, 
or CT: C8 :: CX : CN, 
.'.-CT.CN= C8.CX, 

= CA\ {Prop, n.) 
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Prop. X. 

If on the major axis of an ellipse as diameter a circle 
be described and a common ordinate NPQ be drawn meeting 
the ellipse in P and the circle in Q, then the tangents to the 
ellipse and circle respectively at the points P and Q will meet 
the major axis produced in the same point. 




Let the tangent to the ellipse at P meet the major axis 
produced in T] join CQ^ QT; then, by the last Proposition, 

GT.CN= GA^^ CQ\ 

,\ the angle CQTia sl right angle. 

And therefore QT ia the tangent to the circle at ^ ; or the 
tangents at P and Q meet the major axis produced in the same 
point T. 

The circle described on ^-4' as diameter is called the 
Auxiliary Circle on account of the important aid that it 
affords in investigating the properties of the ellipse. 

30. Def. The line P(?, drawn at right angles to the tangent 
PTy is called the Normal to the ellipse at the point P. * 



Pkop. XI. 

If the normal at P meet the major axis in the point G ; 
then 

8G : 8P :: G8 : CA. 

Since PG^ is at right angles to TPty 



come SECTIONS. 
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S N C 



ff A' X' 



.\ the angle GPT= the angle QPt. 
But the angle /8Pr= the angle 8'Pt, {Prop. VII.) 
.-. the angle SPG = the angle 8'PG, 
or PG bisects the angle 8P8', 
/. 8G : 8'G :: 8P : 8\P, {Midid, VI. 3.) 





.-. 8G : 8G+8'a : 


: 8P: 


8P+ 8'P; 




0T8a 


: 88' • 


: 8P 


: AA'; 




or 8G 


: 8P : 


: 88' 


: AA'; 




01 8G 


: 8F : 


: 08 


: CA. 


Cob, 


Hence also, 










8'G : 


8'P:: 
Pkop. 


08 : 
Xll. 


OA. 



31. If the normal at P meet ilie major axis in G, and PN 
be the ordinate at the point P, then {See fig. Prop. XI.) 

^■(y : iVC:: BO* : AC 

Draw MPM' parallel to the axis meeting the directrices in 
Jf and M ; join 8P, 8'P; then, since PG bisects the angle 
8P8', {Prop.Xl.) 



.: 8'G : 8G 



.'. 8'G-8G : 8'G+SG 



8'P : 8P, 
PM' : PM, 

X'N : XN, 

X'N-XN : X'N+XN; 



42 
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OT 2 CG : 88' 
Alternately, 2 00 : 2CN 
or Ca : CN 

.-. GN-Ca : CN 

or NG : CN 



:2CN: XX'. 

: 88' : XX'; 
: C8 : CX, 

: C8' : CM', (i>^. II. Car.) 
: CA'-C8' : C^»; 



pbop. xm. 

32. If PN be the ordinate of any point P on the ellipse ; 
then 

PN* : AN. AN:: BC : AC\ 




Produce NP to meet the auxiliary circle in the point Q, 
and draw the tangents PT, QT meeting the major axis pro- 
duced in the point T. {Ptop. X.) 

Join CQ, and let the normal at P meet the ellipse in <?; 
then, by the last Proposition, 

Na : CN :: BC* : AC\ 

And rectangles of the same altitude are to another as their 
bases, 

.♦. TN.NG : TN. CN :: BC* : AC*\ 

or PN* : QN* :: BC* : AG*. {Euclid, VI. 8 C<n:) 

But QN* = AN. A'N, 
since the angle A QA' in a semicircle is a right angle, 
.-. PN* : AN. A'N :: BC* : AC*. 



CONIC SECTIONS. 
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Cor. Also PN : QN :s BCi AC. 

This result is the basis of many of the Aiture Propositions 
of the ellipse. 



Prop. XIV. 

If the tangent at any point P of an ellipse meet the 
minor axis GB produced in t^ and Pn be drawn at right 
angles to GB\ then 

Ct. Cn = BG\ 
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Draw the common ordinate NPQ to the ellipse and the 
anxiliaij circle; and let the tangents at P and Q to the 
ellipse and circle respectively meet the major axis produced 
in T (Prop. X.) and the minor axis produced in t and U. 

Join CQ meeting Pn in R; then since PR is parallel 
to CN, 

CR : CQ :: PN : QN, 

:: BC : AG. {Prop. XLU. Cor.) 

But GQ = AG, 

.'. GR = BG. (1) 

Again, joining Rt, 

Gt : GU :: PN : QN, 

:: GR : GQ, 
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.'. Bt is parallel to QU, 

.'. CRt is a right angle, 
.-. Ct.Cn= CB' (Euclid, VI. 8 Cor.) 

But CB = BC, (1) 
.-. Ot.Cn = BC*. 



Pbop. XV. 

33. If from the foci 8 and 8', 8Y and 8'T axe drawn at 
right angles to the tangent at P, then Y and Y' are on the 
circmnference of the auxiliary circle, and 

8Y.8'T = BC\ 




Join 8P, 8'P, and produce 8Y and 8'P to meet in W; 
and join CY; then 

since the angle 8PY=i the angle WPY, (Prop. VII. Cor.) 
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and the angle iSFP = the angle WYP, 
and the side PFis common to the triangles SPY, WPY, 
.'. the triangle 8P Y = the triangle WP F in all respects, 

.'. 8P = PW,~- 
.'. 8P + 8'P=8'W. 
But 8P + 8'P = AA; {Prop. ILL.) 
.\ 8'W=AA'. 
Again v 8G= 8'Caxidi 8Y= YW, 

.'. 8G : 8'C :: 8Y : YW, 

.'. CFis parallel to 8' W, 

.'. GY: 8'W:: G8 : 88', 

.: GY=:^8'W= GA. 

So CF = GA, 

.•. F and F' are points on the auxiliary circle. 

Next let Y8 be produced to meet the auxiliary circle in 
Z, and join ZY' ; then 

since the angle ZYY' is a right angle, 

.'. ZY' passes through the centre G, 

\: the angle 8GZ= the angle 8'GY. 

.\8Z=8'Y', 

.-. 8Y. 8'T = 8Y. 8Z, 

= A8.A'8, {Euclid, III. 35) 

= GA* - G8\ {Ikclid, H. 5) 

= BG\ (iVop.IV.) 

Cor. If GD be drawn parallel to the tangent at P, meet- 
ing 8'P in E; then 

since the figure GYPE is a parallelogram, 

.-. PE= GY^AG. 
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CJONIC SECTIONS, 



. Prop. XVI, 



34. To draw a pair of tangents to an ellipse from an ex- 
ternal point 0. 




With centre 8' and radius equal to A A' describe a circle. 

Join 08, 08'; and let 8' or 8' produced meet the 
circle in the point /. 

Now, if be a point outside the circle MJM', it is evident 
that 08 is greater than 01; and if be inside the circle, 

since 08-{- 08'> A A' or 8' I, {Prop. V.) 

.-. 08 > 01. 

With centre and radius 08 describe another circle 
cutting the former in the points M and M', which it will 
always do since 08 is greater than 01. 

Join 8'M, 8'M\ meeting the ellipse in the points P and P. 

Join OP,. OP ; these will be the tangents required. 

Join 8P, 8P' ; then since 

8P + 8'P = AA' = 8' My 
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And ••• SPy P0=:^ MP, P each to each, 
and 08= OM, 
,\ the angle OP 8= the angle 0PM, 

.-. OP is the tangent at P. {Prop. VII. Cor.) 
So OP" is the tangent at P'. 

Pbop. XVIL 

If from a point a pair of tangents OP, OF be drawn 
to an ellipse, then OP and OP' will subtend equal angles at 
either focus. 

Join 8P, 8'P; 8P\ 8'F; and produce 8'P, 8'F to M 
and M', making Plf equal to /SP, and FM' equal to /SP'. 

Join OJf, OJf'; 05, 0/8'. 

Then since 0P,P8= OP, PM, each to each, . 

and the angle OP /8'= the angle 0PM, [Prop. VII. Cor.) 

.'. 08= OM, 

and the angle 08P = the angle OMP. 

8o08= OM', 

and the angle 08F = the angle OM'F, 

.'. 0M= OM'. 

Again •.• S'M= S'P + 8P ^ AA', 

and 8'M' = 8'P' -{- SF == AA', 

.'. 8'M= 8'M'. 

And •.• 08', 8'M= 08', 8'M', each to each, 

and 0M= OM', 

.'. the angle 08'M= the angle 08' M', 

and the angle 0M8' = the angle OM 8'. 

But the angle 0M8' = the angle 08P, 

and the angle OJf'iS' = the angle 08F, 

.\ the angle 0>SP = the angle 08F, 

.'. OP and OF subtend equal angles at either focus. 
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Prop. XVin. 

35. If from an external point a pair of tangents Q, 
0^ be drawn" to an ellipse, and CO oq joined meeting the 
chord QQ in F, and the ellipse in P ; then 

(1.) QQ wiU be bisected in V. 

(2.) The tangent at P will be parallel to QQ. 

(3.)* OP will be a mean proportional between OF and CO^ 




Produce OQ, OQ to meet the major axis produced in T 
and T'. 

Draw the ordinate NQ, N" Q, and produce them to meet 
the circle in q and q'. 

Then Tq and Tq' will be tangents to the auxiliary 
circle. {Prop. X.) 

Let Tq and Tq* he produced to meet in o ; join Co meeting 
the chord qgf in v, and the circle in p. 
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Now, since the correspondiBg ordinates of the ellipse and 
auxiliary circle are in the constant ratio of BC to AC, the 
three lines ol,pmyVn drawn at right angles to A A' will pass 
through the points 0, P, F respectively . 

For, according as is the point where ol meets TQ or 
TQ we shall have 

10 : lo :: NQ : Nq, 

:: BC : AC; 

01 W : lo :: NQ : N'q\ 

:: BC : AC, 

.*. Oo is perpendicular to AA'. 

So Pp and Vv are perpendicular to A A\ 

.'. Oo, Pp, Vv are parallel. 

Hence (1.) QV \ VQ' :: qv : vq. 

But qv = t?g^' from the circle, 
.-. QV=: VQ; 
or QQ is bisected in F. 

(2.) Since NQ : Nq :: N'Q : N'q' 

it is evident that QQ and g^y' will meet the axis produced in 
the same point.* 

Also the tangents to the ellipse and circle at P and p 
respectively will meet the axis in the same point. 

Now in the circle the tangent at p is manifestly parallel to 

and NQ : Nq :: mP : mp^ 
.'. the tangent at P is parallel to QQ^ 

(3.) If Cq be joined, since the angle Cqo is a right angle, 
and Uo is perpendicular to qq\ 

/. Cv : Cq :: Cq : Co, {Euclid, VI. 8 Cor.) 

or, since Cq = Cp, 

Cv : Cp :: Cp : Co, 
E 
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JECTIONS, 


But Cv : 


Cp 


:: CV '. 


and 


Cp : 


Co 


:: CP 


• 
• • 


CV: 


CP 


:: CP 
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CP, 
CO, 
CO, 

/. co.cr= cp\ 

Cor, From this It is manifest that if any number of chords 
be drawn parallel to each other in an ellipse, their middle 
points will all lie on the line drawn from the centre to the 
point where the tangent parallel to the chord meets the 
ellipse. 

Def. The line PCF drawn through the centre of an 
ellipse and meeting the curve in P and P is called a Diameter, 

The diameter consequently bisects all chords parallel to 
the tangents at its extremities ; and the tangents at the 
extremities of any chord will intersect the- diameter corres- 
ponding to that chord in the same point. 

36. Def. If CD be drawn parallel to the tangent at P, 
then CD is said to be conjugal to CP. 



Prop. XIX. 

In the ellipse if CD be conjugate to CP, then will CP be 
conjugate to CD, 




Draw the ordinajtes PN^ DE, and produce them to meet 
the auxiliary circle in the points^, d. 

Join CP, Cp; CD, Cd; and draw the tangents TP, Tp; 
TD, Td. 

Now, since CD\b parallel to PT, 
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.•. the triangle PNTis similar to the triangle BR C, 
.'. TN : CB :: PN : DR, 

:: Njp : Rd, {Prop. XIII. Cor.) 

.'. Tp is parallel to Cd. 

.\ the SLUgldjpCd is a right angle, 

/. Cjp is parallel to Td^ 

.\ the triangle j? O-W is similar to the triangle dT'R, 

.'. NO : RT :: Np : Rd, 

:: NP : RD, 
.-. (7P is parallel to 2> r', 
.*. GP is conjugate to CD. 

Cor. Since CRd and CNp are each similar to dRT', 
{Euclid, Yl. 8,) 

.•. the triangle CRd is similar to the triangle CNp, 

and the side Cd = the side (7p, 

.-. the triangle CRd = the triangle CNp in all respects, 

.-. CN=: Rd, and CR = Np, 

Hence DR : CN :: DR : Rd, 

:: BC : AC;, 

^ho PN : CR :: PN : Np. 

:: BC : AC. . 



Prop. XX. 

37. If CP and CD be conjugate semi-diameters, and PN, 
DR be the ordinates of the points P and D ; then 

(1.) CN'+ CR' = AC\ 

(2.) PN' + DR' = BC\ 

(3.) CP''\' CD'^AC' + BC\ 

E 2 
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Produce NP, SD to meet the auxiliaiy circle in the points 
i), d ; then 

CN=Bd, [Frop. XIX. Cor.) 

.'. CN* + CE' = Bd* + CB', 

= Cd' 

= CA'. 

Again, PJV: Np :: BC : AC, 

.: PN' : Np' r. BC : AC\ 

SoDB* : Bd* :: BC : ^C*, 

.-. PiV' + DB* : Np* + Bd* :: ^C" : J C"; 

bat Np* + i?rf* = Ci2* + CN\ 

= AC, 

.'. PN* + DB*=BC\ 

&ndCN'+ CB' = AC', 

.: CP*+CD' = AC* + BC\ 

38. Def. a line Q V drawn parallel to the tangent at P, 
and meeting CP in V, is called an Ordinate to the diameter 
CP. 



Pbop. XXI. 

If QVhe any ordinate to the diameter P CP', and CD be 
conjugate to CP ; then 

^F* : PV.P'V:: CD* : (7P». 
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Draw the tangent UQ W meeting GP and CD produced 
in 27 and W; and draw QR parallel CP meeting CD in B. 

Now, since CV : CP r. CP : CU, {Prop. XYm.) 

.'. CV: GU:: CV* : CP*, {Iluclid,Yl. 20 Cor.) 

.'. GU- CV: CU:: CP* - CV : CP\ 

or UV: GU:: PV.P'V: CP\ 

But since the triangles QVU, UCWaxe similar, 

UV: QV:: GU: CW. 




Alternately UV : CU :: QV : CW, 

:: CB : CW, 

.'. CB : CW:: PV.P'V: CP*. ' 

But since the tangent at D is parallel to CU (Prop. XIX.), 
and therefore to QB, 



CB : CD 

.: CB : CW 

Hence Q F' : CD* 



CD : CW, (Prop.XYUL) 
CB* : CD*, {Euclid, VI. 20 Cor.) 
Q V* : CD*. 
PV.P'V: CP*, 



or alternately QV* : PV.P'V:: CD* : CP*. 
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Prop. XXII. 

39. The area of any parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 
diameters is equal to the rectangle containea by the axes of 
the ellipse. 

Let PCP', BCD' be a pair of conjugate diameters, and 
let a parallelogram be formed by drawing tangents at the 
points P, P', D, B\ 




•-^ 



Let the tangent at P meet €A produced in T; join D' T. 

Draw the ordinates FN, DR, D' R'; then since PT is 
parallel to GD, the parallelogram PD is double the triangle 
CTiy, and therefore equal to the rectangle contained by. VT 
and UB. 



CT.jyE 



CN :: BC : AC, {Prop. XIX. Cor.) 
CT.CN:: BC : AC, {Euclid, YL 1,) 
:: BO. AC : A^C\ .{Euclid,YI. 1. 
But CT.CN = A C\ 

.'. CT.jyp; = AC.BC, 

.: the parallelogram LL' = 4 the parallelogram Pjy, 

^4.AC.BC, 
= AA'.BB\ 
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Cor. If Pi^ be drawn at right angles to D CD' meeting 
CD in F, then 

PF. CD' = area of parallelogram PD'^ 
^AC.BC. 



Prop. XXHI. 

40. If CP and CD be conjugate diameters, and PF be 
drawn at right angles to CD meeting CA in (?, then 

PF.PG=:BC\ 




Draw the ordinate PN, and produce it to meet CD' in K. 

Also draw Pw at right angles to CJ5, and let the tangent 
at P meet CB produced in t 

Now, since the angles at N and F are right angles, it is 
evident that a xjircle may be described about the quadrilateral 
&guieNKFG; 

.'. PG.PF= PN. PK, {Euclid, m. 36 Cor.) 

= Ct • dtj 

= £C\ {Prop. XIV.) 
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Peop. XXIV. 

41. If P be any point on the ellipse, and CD be conjugate 
to OP, then 

8P,8'P= CD\ 




Draw the nonnal P O and produce it to meet 01/ in F; 
then since CD is parallel to the tangent at P, 

.•. Pi'' is at right angles to CD', 

.: PF.CD^AC.BO, {Prop. XXH. Cbr.) 

and PF.PG = BO' = BO. BO, {Prop. XXIII.) 

.-. OD : pa :: AO : BO. (1) 

Again, 8P : 8G :: OA : 08, {Prep. XL) 

8'P : 8'G :: OA : 08. {Prop. XL) 

Compounding ;gP.;8"P: 86.8'G :: OA* : C8\ 

.-. 8P.8'P : 8P.8'P-8G.8'G :: OA* : OA* - 08'. 

But 8P.8'P-8G.8'G = PG', {Eudtd, VI. Prop. B.) 

.-. 8P.8'P : P(?' :: C^' : B0\ 

But from (1) C2>' : PG* '.: OA* : 5C", 

.-. 8P.8'P^ GD\ 



CONIC SECTIONS. 
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^ Prop. XXV. 

42. The area %{ the ellipse is to the area of the aoixiliarj 
circle as BC to AC. 




"Let FN and P'N' be two ordinates of the ellipse near 
together. 

Produce NP, N' P\ to meet the auxiliary circle in Q 
and Q\ 

Draw Pm, Qn^ perpendicular to Q'N'. 

Then 

the parallelogram PN' : the parallelogram QN' :: PN i QN, 

::BC:AC. 

And the same will he true for all the parallelo^ms that 
can be similarly described in the ellipse and auxihary circle. 

Hence the sum of all the parallelograms inscribed in the 
ellipse is to the sum of all the parallelograms inscribed in the 
circle as BC to AC. 

And this holds however the number of parallelograms be 
increased. 

But when the number of parallelo^ams is increased, and 
the breadth of each diminished indefinitely, the sum of the 
parallelograms inscribed in the ellipse will be equal to the 
area of the ellipse, and the sum of those inscribed in the 
circle to the area of the circle. Hence 

the area of the ellipse : the area of the circle :: BG : AC. 



58 



CONIC 8ECTI0NS. 



43. Def. If with a point on the normal at P as centre, 
and OP eis radius, a circle be described touching the ellipse 
at P, and cutting it in ^ ; then, when the point Q is made to 
approach indefinitely near to P, the circle is*caUed the Circle 
of Curvature at the point P. 



Prop. XXVI. 

If PH be the chord of the circle of curvature at the point 
P of an ellipse, which passes through the centre ; then 

ph:cp=2CJ)\ 

Let PT be the tangent, and PG the normal at the 
point P. 




With centre 0, and radius OP, describe a circle cutting the 
ellipse in the point Q. 

Draw BQW parallel to OP, meeting the circle in PT, and 
TP produced in jS. 
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Also, draw Q V parallel to PB, meeting the diameter PP' 
in F; then, since iiP touches the circle at P, 

.'. RQ.UW=PB' [Euclid, III. 36), 

ot PV.BW^ QV\ 

But QV : PV.P'V:: CD' : OP' [Prop. XXI.) 

.-. PV.BW: PV.P'V :: CD' : CP', 

Kit BW 1 P' V -A CD' : CP'. 

Now, when the circle becomes the circle of cur\'ature at 
P, the points B and Q move up to, and coincide with P, and 
the lines B W and Pfl^ become equal, while 

P' V becomes equal to PP', or 2 CP. 

Hence, PH:2CP:: CD' : CP'. 

.: PS. CP: 2CP' '.: 2 CD' : 2CP'. 

.'. PS. CP=2 CD'. 



Prop. XXVII. 

J£ PUhe the diameter of the circle of curvature at the 
point P of the ellipse, and PF be drawn at right angles to 
CD; then 

PU.PF=2CD'. 

Since the triangle PHUis similar to the triangle PFC. 

.'. PU : PH :: CP : PF, 
.'. PU.PF=PH.CP, 

= 2 CD' [Prop. XXVI.) 



Prop. XXVIII. 

If PI be the chord of the circle of curvature through the 
focus of the ellipse ; then 

PI. AC =2 CD'. 
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Let PI meet CD in E] then, since the triangles PIU and 
PEF are similar, 

.\ PI : PUi: PF: PK 

But PE^AC {Prop. XV. C(yr,) 

.-. PI : PUi; PF: AC. 

.\ PI.AC^PU.PF, 

= 2 CD^ {Prop. XXVII.) 



Pbop. XXIX. 

44. If two chords of an ellipse intersect one another, the 
rectangles contained by their segments are. proportional to 
the squares of the diameters parallel to them. 

Let POP' be any chord drawn through the point 0, and 
let CD be the semi-diameter parallel to it. 

Draw the ordinates NP^ N' P\ MD, and produce them 
to meet the auxiliary circle in Q, Q\ D* \ then 

since NP: NQ :: N'P' : N' Q\ {Prop. XIIL Cor.) 

it is evident that PP and Q Q' will meet the axis produced 
in the same point T. 




Also, since NP : NQ :: MD : MD\ {Prop. XIIL Cor.) 

and TPF is parallel to CD, 
.-. TQQ' is parallel to CD'. 
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Draw EO parallel to ^^ or N' Q', and produce it to meet 
QQ'mO'; then 

PO : QO' :: TO : TO', 
and P'O : Q'O' :: TO : TO', 
.: FO.F'O : QO'.Q'O' :: TO* : TO", 

:: CD' : CD", 
:: CD» : AC 
Alternately, PO. P'O : CD' :: <20'. <2' 0' : AC\ 
Again, if through the point any other chord p Op' be 

since -BO : EO' :: BC : AC, 

it is manifest that the corresponding chord yy' in the auxiliary 
circle will pass through the point 0'; and if Cd be the 
semi-diameter parallel to j>p' we shall have as before, 

pO.p'O : Cd"" :: qO'.q'O' : AC\ 

But QO.Q'O'^qO.q'O' {Euclid, YL 35), 

.-. PO.FO : ai>' :: pO.p'O : Crf', 

ox PO.FO ipO.p'O :: Oi>" : Crf*. 

The same result may be shown to be true when the point 
O is without the ellipse. 



PROBLEMS ON THE ELLIPSE. 



1. In what position of P is the angle SP8' greatest? 

2. The latus rectum is a third proportional to the axis 
major and axis minor. 

3. Construct on the axis minor as base, a rectangle which 
shall be to the triangle 8LS' in the duplicate ratio of the 
major axis to the minor axis, L being the extremity of the 
latus rectum. 

4. If a series of ellipses be described having the same 
major axis ; the tangents at the extremities of their latera 
recta will all meet the minor axis in the same point. 

5. Find the locus of the centres of all the ellipses having 
the same focus, and touching a given straight line. 

6. Given the foci, it is required to describe an ellipse 
touching a given straight line. 

7. If PT be a tangent to an ellipse, meeting the axis in T, 
and AP^ A' P^ be produced to meet the perpendicular to the 
major axis through Tixa Q and Q\ then ^ T= Q' T. 

8. If the angle SB 8' be a right angle, prove that 
CA^ = 2 CB\ 

9. If CP be a semi-diameter, and AQO he drawn parallel 
to CP meeting the curve in Q, and CB produced in 0, then 

CP'^AO.AQ. 
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10. 1{ AB, CD, which are not parallel, make equal angles 
with either axis, the lines AC, BD, as also AD, BC, will 
make equal angles with either axis, 

11. PSp is any focal chord. PA RnApA are produced to 
meet the mrectrix in Q and q. Prove that the angle Q8q is 
a right angle. 

12. If a circle be described touching the axis major in one 
focus, and passing through one extremity of the axis minor ; 
A G will be a mean proportional between the diameter of this 
circle and B G. 

13. If PQQ'P' be a chord of the auxiliary circle, and a 
circle be described on the minor axis as diameter, cutting the 
chord in Q and <?', then PQ.P'Q^ G8\ 

14. If PG^ be the normal at P, and GL be drawn at right 
angles to SPy then PL = ^ latus rectum. 

15. The sum of the squares of the normals at the ex- 
tremities of conjugate diameters is constant. 

16. If on the normal at P, P^ be taken equal to the semi- 
conjugate diameter GB^ the locus of ^ is a circle whose 
radius is AG — BG. 

17. Find the locuft of the intersection of a pair of tangents 
at right angles to each other.' 



18. P is any point on an ellipse. To any point Q on 
the curve draw AQ, A' Q, meeting NP in B and 8, and 
prove that NB.N8 = NP\ 

19. If PO be a normal, and GL perpendicular to 8Py the 
ratio oi GL to PN\& constant. 

20. If NP produced meet the tangent at the extremity oi 
the latus rectum in Q, then QN= PS. 

21. In an ellipse the tangent at any point makes a greater 
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angle with the focal distance than with the perpendicularon 
the directrix. » 

22. A diameter of an ellipse, parallel to the tangent at any 
point, meets the focal distances of the point, and from the 

Joints of intersection lines are drawn perpendicular to the focal 
istances. Prove that these lines intersect in the axis minor. 

23. The subnormal is a third proportional to CTand BC. 

24. If PJV'be the ordinate of P, prove that NY : NY' :: 
FY : PY\ [See fig. Prop. XV.) 

25. If from C lines be drawn parallel and perpendicular to 
the tangent at P, they enclose a part of one of the focal 
distances of that point equal to the other. 

26. If P be a fixed point on . an ellipse, and ^ §' an 
ordinate to (7P, the circle QPQ' will meet the ellipse in 
a fixed point. 

27. P is any point on an ellipse. Draw PP' parallel to the 

axis major, and through P ' draw P' Qy P' Q', making equal 

angles with the major axis. Join Q Q' ; then Q Q' is parallel 

to the tangent at P. 

« 

28. What parallelogram circumscribing an ellipse has the 
least areia? 

29. When is the square of the sum of conjugate diameters 
least? 

30. Given the axes of an ellipse, and the position of one 
focus, and of one point in the curve, give a geometrical con- 
struction for finding the centre. 

31. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate VD in M 
and N, then CM. CN= CD\ 

32. If CP and CD be conjugate, prove that 

(sp- Acy^-iSD^A cy = 8C\ 
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33. If CPand CD be conjugate, and BP, BD be joined, 
as also AD^ A' P^ these latter meeting in 0, then BD OP is 
a parallelogram. When is the area greatest? 

34. If PSp^ C CV be two parallel chords through the focus 
and centre of an ellipse, prove that 

SP.Sp : CQ.Cq :: BC^ : AC\ 

35. If the tangent at the vertex A cut any two conjugate 
diameters in T and t, then AT,At = BC^. 

36. If the tangents at three points P, Q, R intersect in R^^ 
Q,y P^, prove that 

PR,.P,Q.Q,R^PQ,.R,Q.P,R. 

37. If a circle be described touching SP^ 8'P produced, 
and the major axis of the ellipse, find the locus of the centre. 

38. If from the extremities of the axes of an ellipse any 
four parallel lines be drawn, the points in which they cut the 
curve are the extremities of conjugate diameters. 

39. If two equal and similar ellipses have a common 
centre, the points of intersection are at the extremities of 
diameters at right angles to one another. 

40. If P8Q be a focal chord, and -X" the foot of the 
directrix, XP and XQ are equally inclined to the axis. 

41. OP, OQ are tangents to an ellipse, and PQ is pro- 
duced to meet the directrices in jB, ^, prove that 

RP.R'P: RQ.R'Q :: OP': 0Q\ 

42. NPQ is a common ordinate to the ellipse and auxiliary 
circle. PR, QR are normals at P and Q intersecting in R, 
The locus of ^ is a circle whose radius \& AC -\- BG, 

43. If the conjugate to CP meet 8P, 8'P, or these pro- 
duced in JE, E' ', then 8E^ 8'E', and the circles circum- 
scribing 8CE, 8'CE' are equaL 

P 
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44. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 

45. The circle described about the triangle 8B8' will cut 
the minor axis in the centre of the circle of curvature at B. 

46. The locus of the centre of the circle inscribed in the 
triangle 8P8' is an ellipse. 

47. K a circle be described intersecting an ellipse in four 

Joints, and chords be drawn through the points of intersection, 
iameters parallel to the chords wul be equal. 

48. An ellipse slides between two lines at right angles to 
each other, find ,the locus of its centre. 

49. If from the focus 8 perpendiculars be drawn upon the 
conjugate diameters CP, CD, these perpendiculars produced 
backward will intersect CD and CP m the directrix. 

50* Find the point at which the radius of curvature is a 
mean proportional between the major and minor axes. 

51. The circle of curvature at a point, where the conjugate 
diameters are equal, meets the ellipse again at the extremity 
of the diameter. 

52. The locus of the intersection of lines drawn from A, A' 
at right angles to ^P, ^'P is an ellipse. 

53. If a quadrilateral figure be inscribable in two ellipses 
whose major axes are parallel or perpendicular, any two of 
its opposite angles will be equal to two right angles. 

54. If GN, NP are the abscissa and ordinate of a point 
P on a circle whose centre is C, and NQ be taken equal to 
NP, and be inclined to it at a constant angle, the locus of Q 
is an ellipse. 

55. If two ellipses having the same major axes can be 
inscribed in a parallelogram, the foci will be on the comers of 
an equiangular parallelogram. 
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56. Two ellipses, whose major axes are equal, have a com- 
mon focus. Prove that they intersect in two points only. 

57. A circle described about the triangle SP8' cuts the 
minor axis in It on the opposite side to Jl Prove that SB 
varies as the normal PG. 

58. If r and B be the radii of the circles inscribed in and 
about the triangle 8P8\ prove that B . r varies as 8P. 8'P, 

59. The circle described upon PG sua diameter cuts 8I\ 
8'Pin K and L. Prove that KL is bisected by PGy and is 
perpendicular to it. 

60. If from 8' a line be drawn parallel to /8P, it will meet 
jS F in the circumference of a circle. 

61. T and t are the points where the tangent at P meets 
the axes. CP is produced to meet in L the circle described 
about the triangle TCt; prove that PL is half the chord of 
the circle of curvature at P in the direction of (7, and that 
GP. CL is constant. 

62. About the triangle PQB slu ellipse is described, having 
its centre at the point where the lines drawn from P, Q, B to 
the middle points of the opposite sides meet. CP, C Q, CB 
are producea to meet the ellipse in P, Q\ B'. Prove that 
the tangents at P', Q\ B' form a triangle similar to PQB, 
and four times as large. 

63. Lines from Fand Y' perpendicular to the major axis 
cut the circles on 8P, 8'Pqs diameters in / and J. Prove 
that 18, and J 8', when produced, intersect BG in the same 
point. 

64. If from the ends of any diameter chords be drawn to 
any point in the ellipse, the diameters parallel to these chords 
will be conjugate. 

65. If T be the angle between tangents at the extremities 

F 2 
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of a focal chorjJ, and the angle subtended by the chord at 
the other focus, then 

2T+ = 2 right angles. 

66. The acute angles which 8P, 8Q make with the 
tangents are complementary. Prove that J? C is a mean pro- 
portional between the areas of the triangles 8P8', 8Q8\ 
Also, show that the problem is impossible unless BC < 88'. 

67. A series of ellipses have their equal conjugate diameters 
of the same magnitude. One of these diameters is fixed and 
common, while the other varies. The tangents drawn from 
any point in the fixed diameter produced will touch the ellipses 
in points situated on a circle. 

68. If on the longer side of a rectangle as major axis an 
ellipse be described, passing through the intersection of the 
diagonals, and lines be drawn from any point of the ellipse 
exterior to the rectangle to the ends of the remote side, they 
will divide the major axis into segments, which are in geo- 
metric progression. 

69. From any point P of an ellipse P^ is drawn at right 
angles to 8P meeting the diameter conjugate to CP in Q. 
Prove that PQ varies inversely as the perpendicular from Q 
on the major axis. 

70. In an ellipse 8Q and 8' Q, drawn at right angles to 
a pair of conjugate diameters, intersect in Q. Prove that 
the locus of Q is a concentric ellipse. 



CHAPTER III. 



THE HYPERBOLA* 



45. Def. The Hyperbola is the curre traced out by a 
point which moves in such a manner that its distance nx)m 
a given fixed point continually bears the same ratio, greater 
than unity ^ to its distance from a given fixed Une. {oee In- 
trodttctian.) 



Prop. I. 

The focus and directrix of a hyperbola being given, to 
find any number of points on the curve. 

Let 8 be the focus, and MX the directrix. 

Draw 8X at right angles to the directrix, and divide 8X 
in the point A, so that 8A may be to AX in the given fixed 
ratio, greater than unity ; then 

^ is a point on the curve. 

On 8X produced take a point A\ such that 

8A' : A'X :: 8A : AX; 
then A' will also be a point on the curve. 

On the directrix take any point M; and through 8 and M 
draw the line 8YMY', meeting AY and A'Y\ drawn at 
right angles to A A', in the points Y and Y\ 

On FF' as diameter describe a circle, and draw PMP' 
parallel to A A', cutting the circle in the points F and P' ; 

P and P' will be points on the hyperbola. 



70 



come SECTIONS. 



r 


< 


> 


\ 




\ 


J\ 


> 


w 


M 


s? 


V"-\ 


&" A 


' JS 


r c 


J 


Z A 8 Q 



Join PF, PF' ; /SP, S'P; then since 

/ST : YM :: ;S^ : ^X, [Eadid, VI. 2.) 
and /Sy : Y'M :: 8A' : ^'X, (.EkiZw?, VI. 2.) 
and that 8A : AX :: 8A' : A'X, 
.'. 8Y : FJf :: 8Y' : Y'M; 

and the angle YPY' in a semicircle is a right angle, 

.•• by the converse of Eudid, VI. Props. 3 and A, 

Pr bisects the angle 8PM, 
.'. 8P: PM:: 8Y : YM, 

:: 8A : AX. 

So we may show that 

8P' : P'M :: 8Y' : Y'M, 

.'. P and P' are points on the curve. 

In the same way, bj taking other points on the directrix, 
we may obtain as many more points on the curre as we 
please. 
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Cob. 1. Since, corresponding to every point P on the 
curve, there is a point P' situated in precisely the same 
manner with respect to A' Y' as P is with respect to A F, it 
is clear that if we make A' B' equal ijo A8y and A'X' equal 
to AX, and draw X'M' at right angles to AX\ the curve 
could be equally well described with 8' as focus and M' X' 
as directrix. 

The hyperbola is therefore symmetrical, not only with 
respect to flie line AA\ but also with respect to the line C 
drawn through the middle point of Yi' at right angles to 
and bisecting AA\ 

Cob: 2. The line OP produced will bisect the angle SPW 
between 8P and iS'P produced. 

Produce OP and 8'8U^ meet in O. Produce PM to meet 
X'M' in M\ and draw 08' passing through the point Jf ' ; 
then 



since 8P : 


PM :: 


8A 


: AX, 


and 8'P : 


PM' :: 


8' A' 


: A'X', 




• • 

• • 


■8A 


: AX, 


.: 8P : 


PM :: 


8'P 


: PM'. 


Alternately, 8P : 


8'P:: 


PM 


: PM'. 


Again, 8G : 


PM :: 


OG 


: OP, 


and 8'G : 


PM' :: 


OG 


: OP, 


.'. 8G : 


PM :: 


8'G 


: PM. 


Alternately, 8G 


: 8'G :: 


PM 


: PM'. 



(1.) 



(2.) 
.-. from (1) and (2) 

8P : 8'P :: 8G : 8'G. 

••. PG bisects the angle 8P W. {Euclid, VI. A.) 

It will be shown hereafter {Prep. IX.) that the normal to 
the hyperbola at the point P also bisects the angle 8PW. 
Hence the hyperbola and circle have the same tangent at the 
point P. The hyperbola will consequently touch all the 
infinite series of circles which can be described in the same 
manner as the one in the figure, by taking different points 
on the directrix. 
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Prop. II. 

46. If (7 be the middle point of AA' ; then GA is a mean 
proportional between 08 and CX, 

or C8. CX^ CA\ {See Jig. Prop. HI.) 

Since 8 A' : A'X :: 8A : AX. 

Alternately, 8 A' : 8A :: A'X : AX, 

.'. 8 A' - 8 A : 8 A :: A'X^AX : AX, 

or AA' : 8A :: XX' : AX, 

or C^ : CX : : ii?^ : ^X (1.)* 
Again, fi^' : /^^ :: A'X : ^X, 
/. /S^' + 8A : 8A :: ^'X+ ^X : ^X, 
or 88' : 8A :: AA' : AX. 
Alternately, 88' : AA' :: 8A : AX, 

or C8 : CA :: 8A : AX. (2.) 
Hence, from (1) and (2) 

CA : CX :: C8 i CA, 
.: CA* = CX . C8, 
or CA is a mean proportional between C/S ^nd CX 

Cob. Since the tkree lines C8, CA, CX, are proportional, 
therefore, by the definition of duplicate ratio, and iMclid, YI. 
20 Car. 

C8 : ex.: C8* : CA\ (3.) 

Pbop. in. 

47. If P be any point on the hyperbola, and 8 be the focus 
nearer to P; then 

8'P~8P=AA'. 

Since /SP: FM :: 8A : AX, 

* N.B. The reaults (1), (2), and (S), should be remembered, as they will bo 
frequently referred to. 
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and 8 A : AX :: A A' : XX\ {Prop. II.) 

.-. 8P : PM:: AA' : XX'. 
So S'PiPM':: AA' : XX', 
.-. 8'P-^ SP : PM' - PM:: AA' : XX'. 
But PM' -PM^ MM' = XX', 

.'. 8'P^ 8P=AA'. 

Cor. By means of this property the hyperbola may be 
practically described, and the form of the curve determined. 

Let a rigid bar 8' Q oi any length have one end fastened 
at the focus 8', in such a manner that it is capable of turning 
freely round )S^' as a centre in the plane of the paper. 

At the other end of the bar let a string be fastened of such 
a length that when stretched along the bar it shall just reach 
to within a distance equal to A A' from the end 8' of the 
bar. 
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K the loose end of the string be now fastened to the focus 
8y and the rod being initially placed in the position 8' 8, be 
made to revolve round 8', while the string is kept constantly- 
stretched by means of the point of a pencil at P, in contact 
with the bar; since 8'P and 8F are always increasing by 
the same amount, viz. the length of the portion of the 
string that removes itself from the bar, between any two 
positions of P, the difference between 8'F and 8F will be 
constantly the same, and the point P will trace out the 
hyperbola. 

Another perfectly similar branch may be described in the 
same manner by making the bar revolve round 8 as centre. 

In this case 8P^ /S'P will be equal to ^^'. 

The curve, therefore, consists of two similar branches, 
which recede indefinitely both from the line AA'y and also 
from the line BCB' drawn bisecting ^^' at right angles. 
{8ee fig. Prop. IV.) 

48. If P C7 be taken of such a length that 

P(7"= C8^- CA\ 
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and CB' be made equal to CB, then A A' and BB' are 
called respectively the Transverse and Conjugate Aoces. 

The \mQ BOB' does not meet the hyperbola, and the 
reason of its being introduced will be seen further on. 

If the conjugate and transverse axes are equal, the hyper- 
bola is said to be rectangular or equilateral. 

The property of the hjrperbola, which we have just inves- 
tigated, viz. that the difference between 8P and 8' Pia con- 
stant, is sometimes taken as the definition of the curve. {See 
Chapter II. Art. 25.) 

Prop. IV. 

49. The difference of the distances of any point from the 
foci of a hyperbola will be greater or less than AA\ according 
as the point is on the concave or convex side of the curve. 




(1.) Let Q be a point on the concave side of the 
hyperbola. 

Join 8Q, 8' Q, and let 8' Q meet the curve in P; join 
8P; then 

since 8'Q= 8'P+PQ, 
and 8Q < 8P + PQ, 
.-. S'Q^8Q> 8'P-^8Py 
but 8'P-^8P ^AA\ 
.'. 8'Q^ 8Q > AA'. 
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(2.) Let Q be a point on the convex side of the curve, 
nearer to 8 than 8 ; join 8Q, 8' Q, and let 8Q meet the 
curve in P; join 8'F; then 

8'Q < 8'P+PQ, 
and 8Q = 8F+PQ, 
.'. 8'Q-8Q < 8'P^8P, 
hut 8'P- 8P^AA\ 
.'. 8'Q'8Q < AA\ 

so if Q be nearer to 8' than 8, we can show that 

8Q-8'Q < AA'; 

COR. Conversely a point will be on the concave or convex 
side of the hyperbola, according as the difference of its 
distances from the foci is greater or less than A A'. 

60. Def. If a point P' be taken on the hyperbola near to P, 
(see fig. Prop. V.) and PP' be joined, the fine PP' produced, 
in the limiting position which it assumes when P' is made to 
approach indefinitely near to P, is called the Tangent to the 
hyperbola at the point P. 



Prop. V. 

K the tangent to the hyperbola at any point P meet the 
directrix in the point Z^ and if iS be the focus corresponding 
to the directrix on which Z is situated, then 8Z win be at 
right angles to 8P. 
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Let P' be a point on the curve near to P. 

Draw the chord PP\ and produce it to meet the directrix 
in Z\ join 8Z. 

Draw PM^ P'M' at right angles to the directrix, and join 
8P, 8P\ 

Produce PS to meet the hyperbola in Q ; then since the 
triangles ZMP, ZM'P' are similar, 

.-. ZP: ZP' :: MP^: M'P\ 

:: 8P: 8P'. 

.-. /SZ bisects the angle P'/SQ, {Euclid, YI. A.) 

Now, when P' is indefinitely near to P, and PP' becomes 
the tangent at the point P, the angle P8P' becomes in- 
definitely small, while the angle Q8P' approaches two right 
angles ; and therefore the angle Z8P', being half of the angle 
P' 8Q, becomes ultimately a right angle. 

Hence, when PZ becomes the tangent at the point P, the 
angle Z8P is a right angle, 

or 8Z is perpendicular to 8P, 
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Cor. 1. Conversely, if 8Zhe drawn at right angles to 8P, 
meeting the directrix in Z, and PZ be joined, FZ will be the 
tangent at P. 

Cor. 2. If PZ be produced to meet the other directrix in 
Z', and 8'Z' be joined; then 

8'Z' 19 at right angles to 8 'P. 

Cor. 3. The tangents at the extremities of the latus rectum^ 
or doable ordinate through the focus, meet the axis in the 
point X 



Prop. VI. 

The tangent to the hyperbola at any point P makes equal 
angles with the focal distances /SPand JS'P. 




Let the tangent at Pmeet the directrices in Zand Z'. 

Draw PMM' at right angles to the directrices meeting 
them in Jf and M' respectively; join 8Z, 8'Z' ; then 

8P : PM :: 8'P : PM'. 
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And since the triangles ZMP^ Z' M' P are similar, 

PMi PZ :: PM' : PZ\ 

.'. 8P : PZ y. 8'P : PZ\ {Ex aquali.) 

Now in the triangles 8PZ, 8' PZ' becanse the sides about 
the angles 8PZ^ 8' PZ' are proportional, and the angles 
P8Zj PS' Z' are equal, being right angles, and the angles 
8ZPi 8'Z'PsLrQ each less than a right angle, 

.-. the triangles 8PZ, 8' PZ' are similar, [Euclid, VI. 7,) 

/. the angle 8PZ= 8'PZ'. 



Prop. VIL 

The tangents at the extremities of a focal chord intersect in 
the directrix. 

Let P8Q be a focal chord, and let the tangent at P meet 
the directrix in Z. Join 8Z; then 

the angle Z8P is a right angle, (Prop. V.) 

And .*. also the angle Z8Q is a right angle, 

.*. ZQ is the tangent at Q, {Prep. V. Cor. 1.) 

Or the tangents at the extremities of a focal chord intersect 
in the directrix. 

Prop. VIII. 

51. If the tangent at P meet the transverse axis in T, and 
P^be the ordinate of the point P; then 

GT.CN^ CA\ 

Draw PMM' at right angles to the directrices meeting 
them in ilf and M'. Join 5P, 8' P\ then 

since PT bisects the angle 8P8', {Prop. VI.) 

.-. 8'T : 8T :: 8'P : 8P, [Euclid, VI. 3.) 

:: PM' : PM, 

:: X'N : XN. 
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.-. 8'T- 8T: 8'T+ 8T:: X'N-XN : X'N+XN, 

or 2CT : 2C8 ::2CX : 2GN, 

or CT : C8 :: OX : ON, 

.'. CT. CN= C8. CX, 

= CA^, {Prop. 11.) 

52. Def. The line PG, drawn at right angles to the tangent 
PT, is called the Normal to the hyperbola at the point P. 



Pbop. IX. 

If the normal to the hyperbola at the point P meet the 
transverse axis in the point G, and PN be the ordinate of 
the point P, then 

NG : NO :: BC' : AC\ 

Draw PMM' at right angles to the directrices, meeting 
them in ilf and Jf, and produce 8'PtoW; then since 

the angle TPG is a right angle, 

/. the angle WPG = the complement of the angle 8'PT^ 

and the angle 8PG = the complement of the angle 8PT; 
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but the angle 8'PT= the angle 8PT, 
.: the angle WPG = the angle SPG, 
.'. PG bisects the angle 8PW, 
.'. 8'G : 8G :: S'P : SP, {Euclid, VI. A.) 

PM' : PM, 
X'N : XN, 
.'. 8'G + 8G : 8'G - 8G :: X'N+ XN: X'N-XN; 

or 2 CG : 88' :: 2CN : XX'. 
Alternately, 2CG : 2CN :: 88' : XX; 
or CG : CN :: C8 : CX, 

:: C8' : CA\ [Prop. II. Cor.) 
.: CG- CN : CN :: C8* - CA* : CA' ; 
otNG : CN :: BC* : AC\ 

Peop. X. 

If PN be the ordinate of any point P on the hyperbola 
then 

PN* : AN.A'N:: PC* : AC\ 

For NG : NC :: BC : AC. 

And rectangles of the same altitude are to one another as 
their bases, {Euclid, VI. 1.) 

.-. TN.NG : TN.NC :: BC* : AC, 
or PN* : TN.NC :: BC* : AC. 
But TN. CN= CN* - CT. CN, {Euclid, II. 2.) 

= CN* - CA*, {Prop. VIII.) 
= AN.A'N, {Euclid, II. 6.) 
.'. PN* : AN.A'N :: BG* : AC*. 

Prop. XL 

If the normal at any point P of an hyperbola meet the 
transverse axis in G ; then 

8G : 8P :: G8 : CA. 

o 
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Produce 8'Fto W\ then 

since PO bisects the angle 8PW, {Prop. IX.) 

8G : S'G :: 8P : 8'P, 
.'. 8G : 8' a - 8G :: 8P: 8'P- 8P, 
but 8'P - 8P =AA', {Prop. III.) 
and 8'G-8G = 88', 





.-. 8G : 


88' :: 


8P : 


AA', 




or 8G : 


;8P:: 


88' : 


A A', 




or SG : 


/SP:: 


08 •: 


CA. 


Cob. 


Hence also, 










8'G : 


Prop. 


; C5: 
XII. 


CA. 



53. If from the foci 8sini 8' of a hyperbola ST and 8'Y' 
are drawn at right angles to the tangent at P, then I^and Y' 
are on th6 circumference of the circle described on ^^' as 
diameter, and 

8Y.8'Y' = BC\ 

Join 8P, 8'P, and produce 8Y to meet 8'P ia W; join 
CY; then 

since the angle 8PY= the angle WPY, {Prop. VI ) 

and the angle /8'rP= the angle WYP, 

and the side PFis commoi^ to the triangles 8PY, WPY, 

.'. the triangle 8PY= WPYva all respects, 

.-. 8P=PW, and 8Y= WY, 

.: 8'P- 8P=-8'W, 

but 8'P- 5P= AA', {Prop. IIL) 

.-. 8'W=AA'. 

Again, V 8C= C8', mdi 8Y= WY, 

.: 8C : C8' :: 8Y : YW, 

.'. Cris parallel to 5' TF, 

.-. CY : 8'W:: C8 : 88', 
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.-. CY=^8'W= GA; 

so CY'= CA. 

.•. Y and Y' are points on the circumference of the circle 
described upon ^-4' as diameter. 

Next, let SY he produced to meet this circle in Z, and 
join ZY' ; then 

since the angle ZYY' ia a. right angle 

.'. ZY' passes through the centre (7, 

.-. the angle 8CZ= the angle 8'CY', 

.-. 8Z=8'Y\ 

.'. 8Y.8'Y' = 8Y.8Z, 

= 8 A . 8 A', {Euclid, III. 36 Cor.) 

= C8^ - CA\ {Euclid, II. 6.) 

Cor. If CD be drawn pajallel to the tangent at P meeting 
8'P in E; then 

since CEP F is a parallelogram, 

.-. PH^ CY^AC. 
o 2 
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PfiOP. XIII. 

54. To draw a pair of tangents to a hyperbola from an 
external point 0, 




Of the foci 8 and 8\ let 8* be that which is nearer to 0. 

With centre 8 and radius equal to A A' describe a circle. 

Join 08^ 08'; and let /SO or /SO produced meet the 
circle in the point /. 

Now if be a point inside the circle MIM', it is evident 
that 08' ia greater than 01; and if be outside the circle, 

since 08- 08' < A A' or 81, {Prop. IV.) 

.-. 08- 08' < 08- 01 

.-. 08' > 01. 

With centre and radius 08' describe another circle 
cutting the former in the points M and M', which it will 
always do since 08' is greater than 01. 
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Join 8M, 8M\ and produce them to meet the hyperbola 
in the points P and P'. 

Join OP, OP' ; these will be the tangents required. 

Join /8'P,/g'P';- then 

since fif'P- /gP= A A' = 8M, 

.-. 8'P^PM. 

And •/ 5'P, PO = MP, PO, each to each, 

and 08'= OM, 

.-. the angle 0P8' = the angle OPM, 

/. OP is the tangent at P. (Pr(>p. VI.) 

So OP' is the tangent at P'. 

The points of contact P and P' will be upon the same 
or opposite branches of the hyperbola according as 8M and 
8m' require to be produced in the same or in opposite 
directions with respect to 8, in order to intersect the hyper- 
bola. 

Pkop. XIV. 

If from a point a pair of tangents OP, OP' be drawn 
to a hyperbola, then the angles which OP and OP' subtend 
at either focus will be equal or supplementary according as 
the points of contact are in the same or opposite branches of 
the hyperbola. 

Let the points P and P' be on opposite branches of the 
hyperbola. 

Join 8P, 8'P; 8P', 8'P'. 

Produce P8 to M, making PM equal to P8'. Also from 
P' 8 cut off a part P'M' equal to P' 8'. 

Join OM, OM'i 08, 08'. 

Then since OP, P8' = OP, PM, each to each, 

and the angle 0P8' = the angle 0PM, {Prop. VI.) 

.-. 08' = OM, 

and the angle 08'P= the angle OMP. 
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So 08' = 0M\ 
and the angle 08'P' = the angle OM'P', 

.-. 0M= 0M\ 
Again, V 8M=8'P- 8P = AA\ 
and 8M' = 8P' - 8'P' = ^^', 
/. 8M= 8M\ 
And •/ 0;S, 8M= 08, 8M\ each to each, 
and Oilf = Oif', 
.-. the angle 08M= the angle 08M\ 

and the angle Oilf /S" = the angle OM' 8. 
But 8M is the supplement of 8P, 
and OM'8 the supplement of OM'P\ 

.'. 0/&ilf' is the supplement of /8'P, 

and OMP the supplement of OM'P'. 

But (9ilfP= 08'P, 

and Oilf'P' = 0;S'P', 

/. 08'P is the supplement of 08'P\ 
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Hence the angles which OP and OP' subtend either at 8 
or 8' are supplementary. 

In a similar manner if P and P' are on the same branch of 
the hyperbola, the angles subtended either at 8 or 8' may be 
shown to be equal 



Peop. XV. 

55. If the tangent at any point P of an hyperbola meet the 
conjugate axis in the point t, and Pn be drawn at right angles 
to OB; then 

Cn.Ct = BC\ 




Draw PN at right angles to GA ; then 

Ct : OT'.: PN : NT, 
.-. Gt : PN:: GT : NT, 
.: Gt.Gn : PN* :: GT. CN : CN.NT; 
or Gt.Gn : CT. CN :: PN* : CN.NT, 

:: BC* : AG*. {Prop.X.) 
But CT. CN=AO*, 
.'. Gt.Cn = BO*. 
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56. The proofs that we have given up to this point of the 
properties of the hyperbola are closely analogous to the 
corresponding propositions in the ellipse. The remaining 
properties of the hyperbola are more conveniently investigated 
by means of its relation to' certain lines, which we shall 
presently define, called Asymptotes^ in the same manner as 
many of the properties of the ellipse were deduced from those 
of the auxiliary circle. 

Dep. The hyperbola described {see JUf. Prep. XVI.) with 
G as centre, ana BB' as transverse axis, and A A as con- 
jugate axis, is called the Conjugate Hyperbola* Its foci, 
which will be on the line B Cn\ will evidentlv be at the 
same distance from C as those of the original hyperbola, 
since 

C8^ = GA' + GB\ 

Prop. XVI. 

If through any point R on either of the diagonals of the 
rectangle formed by drawing tangents to the hyperbola and 
its conjugate at the vertices A, A', 5, B', two ordinates 
RPNy BBM, be drawn at right angles to A A' and BB'y and 
meeting either the hyperbola or its conjugate in the points P 
and B ; then 

BN'^PN^ = BG^ 

and BM"" ^ DM^ = A G\ 

Let 5 be a point on the diagonal 0' GO; then 

BN^ : GN' :: AO' : A G\ 



{Prop. X.) 







BC* 


: AG* 


and PiV»: CN' - 


CA* :: 


BC* 


: AG* 


.: BN^ - FN' : 


C^ :: 


BC* 


: AG*. 


.-. BN* - 


-PN' = 


BC\ 




Again BM* : 


CM* :: 


AG* 


: BG*, 


and D ¥* : CM* - 


■ CB* :: 


AG* 


: BG* 


.'. BM' - DM* : 


BG* :: 


AG* 


: BG* 



{Prop. X.) 



.'. BM* - DM* =' AG*. 
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In exactly the same manner, if NB had been produced to 
meet the conjugate hyperbola in P, and MB had been produced 
to meet the original hyperbola in D, we should have nad, 

and DM^ - BM' = A G\ 

Cor. li BP be produced to meet the hyperbola in p, 
and the other asymptote ia r ; then 

BN^ - PN"" = BP.Pr; {Euclid, IT. 5,) 
.-. BP.Pr = BC\ 

Hence as BPN is further removed from A, and the line 
Pr consequently increases, since the rectangle contained by 
BP and Pr remains constant, BP must diminish, and by 
taking B sufficiently far from C, BP may be made less than 
any assignable magnitude. The line GB, therefore, con- 
tinually approaches nearer and nearer to the hyperbola, though 
it never actually reaches it. 



CJ! is called t 



I Asymptote to 



ffiere ^R produced meets the 



56. The proofs that w<' 
properties of the Kypei 
corresponding propositi' 
propertiea of the hyperl 
by means of ita rela' 
presently define, call 

many of the propertii - . . ^ . ,i_ ■ ■ 

of tfie auiiUary arc' . ^ ^^ tie asymptote to the conjugate 

Dbp. The hyper' 
G as centre, and 
jugate axis, is c 
which will be 01 ' ' 
same distance i 
since 



-A 



„^r i' ^^y ^^ shown that the other 
^')^wngle 0' is an asymptote to both 



(jie point where the asymptote meets the direc- 
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For by similar triangles 

CE : GO :: GX : GA, 

:: CA : 08, (Prop. 11.) 
But GO' = GA"" + GB^ = G8^; 
.'. G0= G8; 
.-. GE^AG. 
Cor. If 8E be joined, since 

GE^= CA'= G8. GX; 
.'. the angle GE8 is a right angle. {Euclidy VI. 8, Gor.) 



Prop. XVIII. 

If from any point E in one of the asymptotes to an hyper- 
bola ordinates RPN, RDM be drawn to the hyperbola and 
its conjugate respectively, and PD be joined, PD will be 
parallel to the other asymptote. 

For RN'' : RM' :: BG' : AG^; 
and RN^ - PN' : RM' - BM' :: BG'iAC, [Prop.XYL) 

.'. PN^ : BM^ :: BG' : AG'; 

:: RN': RM\ 
.-. PN I BM:: RN : RM; 
.-. PD is parallel to JIfiV. {Euclid, VI. 2.) 
Also OiV^: GM :: ^C : 5(7, 
.'. MN is parallel to ^5; 
and OA : Ao :: OB : Bo\ 
.*. AB is parallel to od. 
Hence PB is parallel to oo\ 

Cor. So also if P and i) be the joints where NR and 
MR produced meet respectively the conjugate and the original 
hyperbola, PB will be still parallel to od. 
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Peop. XIX. 



58. If through any two points Q and ^' of a hyperbola a 
line ItQQ'S' he drawn in any direction meeting the asymp- 
totes in ^ and B' ; then will 



RQ = R'Q'. 




Through Q and Q' draw Q,Qq,, Q,' 9' ?/> ™eeting the 
asymptotes in Q^, j,, QJ, j,', then by similar triangles, 

QB : QQ^:: Q'R : Q'Q,', 
and QR' : Qq, :: Q'R' : Qq;-, 
.-. compounding 
QR. QR' : QQ,. Qq, :: QR. QK : QQ',. Qq',. 

But QQ,. Qq. = BC'= Q'Q; . Qq',, {Prop. XVI. Cor.) 
.: QR.QE =QR. Q'E ; 



CONIC SECTIONS. 93 

tut QR. QE = QR. QQ + QR. QR, 

and QR. QR= Q'E . QQ + QR. QR; 

.'. QR.QQ'= Q'R.QQ', 

.-. QR = Q'R. 

Cor. 1. H RQQ'R move parallel to itself until the points 
Q and Q' coincide, the line R QR will ultimately assume the 
position LPl, and will become a tangent to the hyperbola at P. 

Hence, since -B ^ is always equal to R Q\ 

LP=Pl, 

or the tangent LPl is bisected at the point of contact P. 

Cor. 2. If GP be produced to meet RR in F, then since 

RV: VR :: LP: PI, 
.\RV=VR; 
and 5^= QR, 

.'. gF= gv. 

Hence if a series of parallel chords be drawn in a hyper- 
bola, their middle points will all be in the line drawn through 
the centre and the point where the tangent parallel to the 
chords meets the hjrperbola. 

Def. a line PGP' drawn through the centre, and meeting 
the hyperbola in P and P' is called a Diameter. 

A diameter consequently bisects all chords drawn parallel 
to the tangents at its extremities. 

Prop. XX. 

59. If through any point ^ of a hyperbola a line RQrhe 
drawn in any direction meeting the asymptotes in R and r, 
and LPl be the tangent drawn parallel to RQr; then 

RQ.Qr^PL\ 

Through P and Q draw the ordinates P, Pp^, Q, Qq^ , 
meeting the asymptote in P,, p,, ^,, y, ; then by similar 
triangles 
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QB -.QQ, :: PL : FP„ 
Qr : Qq, :: PI : Pp„ 

.'. QB. Qr : QQ,.Qq, :: PL.Plx PP,.Pp,; 

but QQ,.Qq, = BC' = PP, . Pp^, [Pi-op. XVI. Cor.) 
.: QB.Qr = PL.Pl, 

= PL\ {Prop. XIX. Cor. 1.) 

Cor. If Qq be produced to meet the conjugate hyperbola 
in Q\ q', we may show that 

Q'B.Q'r=^PL\ 
and also, as in Proposition XIX., that 

Q'B = q'r, 

Hence, if a line be drawn in any direction meeting both the 
hyperbolas, the portions intercepted between the liyperbola 
and its conjugate will be equal. 



CONIC SECTIONS. 
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Peop. XXI. 



60. If from any point P of a hyperbola, PH and PK be 
drawn parallel to the asymptotes, meeting them in H and K 
respectively ; then 4:.PH.PK= CS\ 




Draw the ordinate RPNr meeting the asymptotes in B 
and r ; then by similar triangles, 

PH I PR :: Co : Oo, 
andPjS: : Pr :: CO : Oo, 
/. PH.PK : PR.Pr :: CO^ : Oo\ 

:: C8^ : ABC\ 
ButPB.Pr==BG\ 
.\ A.PH.PK^ C8\ 
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Prop. XXII. 

K the tangent at any point P of a hyperbola meet the 
asymptotes in L and I ; then the area of tne triangle L Gl is 
equal to the rectangle contained hj AC and B G. 

Draw PH and PK parallel to the asymptotes meeting 
them in -ff and K\ then 

since GL : GH :: LI : PI, 

and LI =2 PI, {Prop. XIX. Gor. 1.) 

.-. GL = 2 GH=2PK; 

so Gl = 2GK^2Pn, 

.'. GL.Gl = 4:PH.PK=G8\ fiVqp. XXI.) 

= GO. Go, 

.-. GL : GO :: Go : Gl, 

.'. the triangles L Gl, Go have the angle at G common and 
the sides about those angles reciprocally proportional ; 

.'. the triangle LGl = the triangle Go, 

= AG.A0, 

= AG.BG. 

Prop. XXIII. 

61. If from any point B in the asymptote of a hyperbola, 
two ordinates BPN and BDM he drawn to the hyperbola 
and its conjugate respectively, then the tangents at P and £> 
will be parallel respectively to GD and GP. 

Join PB, meeting GB in ff; then 

since PB is parallel to oo, {Prop. XVIII.) 

the tangents at P and B will each meet GB produced in the 
same point L. {Prop. XXII.) 

Produce LP and LB to meet the other asymptotes in I 
and r ; then 

since GL.Gl^ G8' = GL . Gl', {Prop. XXII.) 



CONIC SECTIONS. 



97 




.\IG : CV :: IP: PL, 
.'. CP is parallel to the tangent at D. 

A\^o I'D I DL v.VG : CI, 
.'. CD is parallel to the tangent at P. 

The lines CP and CD are called Conjugate Diameters, 
since each of these lines is parallel to the tangent at the 
extremity of the other. 



Prop. XXIV. 

If CP and CD be semi-conjugate diameters in the hyper- 
bola; then 

aP' - CD' = CA' - CB\ 

Draw the ordinates NPR, MDR meeting the asymptote in 
the point R {Prop. XXIII.) ; then 

H 
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CB' - CP* = NR* - NP\ 

= BC\ (iVop. XVI.) 



80 GR* 
.'. CP' + BC 
or GP* - GD* 



GP' + BG'; 
GJD* + A G\ 
GB' + AG'; 
AG*- BG". 



Pbop. XXV. 

62. The area of any parallelogram proved by drawing tan- 
gents to the hyperbola and its conjugate at the extremities 
P, P, D, U ox a. pair of conjugate diaineters is equal to the 
rectangle contained by the axes. 




Let LILT be the parallelogram formed by drawing 
tangents at the extremities P, P, D, If, of any pair of 
conjugate diameters. The points L, JJ, I, I', will {Prop. XXIII.) 
be on the asymptotes. 
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Now the parallelogram LIl = 4 parallelogram GL^ 

= 4 triangle L Gl, 
= 4:AG.BG, {Prop.XXII.) 
= AA\BB\ 

63. Def. The line Q V drawn from any point Q of the 
hyperbola parallel to the tangent at any point P, and meeting 
OP produced in V, is called an Ordinate to the diameter OP. 



Prop. XXVI. 

If ^ F be an ordinate to the diameter P' OP, and OD be 
conjugate to OP; then 

QV : PV.P'Vr. CD' : 0P\ 

Produce F^ to meet the asymptotes in B and r; and let 
the tangent at Pmeet the asymptotes in L and I; then 

BV : PL' :: OV : OP', 

.'. BV'-PL' : PL' :: CV- OP' : 0P\ 

But BQ.Qr = PL', {Prop. XX.) 

.-. BV'-QV' = PL', 

or BV'-PL'= QV. 

And OV- OP' = PV.P' V, {Euclid, II. 6.) 

.-. QV : PL' :: PV.P'V: OP'. 

Alternately, QV : PV.P'V :: PL' : OP'. 

But since PD is a parallelogram, {Prop- XXIII.) 

.-. PL = CD. 

Hence QV : PV.P'V :: CD' : GP'. 



H 2 
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Prop. XXVII. 

64. If QF be an ordinate to the diameter PF, and the 
tangent at Q meet CP in the point T; then 

CV. GT=CP\ 

Draw the tangent LPl meeting the asymptotes in the 
^ints L, I; also let the tangent at Q meet the asymptotes in 

Draw RK, rk parallel to QF meeting CPia K, k. 

Produce rk to meet GB in r'. 

Now since the triangles BCry LCI are equal, {Prop. 
XXII.) and have the angle at C common, 




.-. CB : CL :: Gl 

But CB :. CL :: CK 

and CI : Cr :: CP 

.-. CK : CP:: CP 
.-. CK.Ck^ CP\ 



: Cr, [Euclid, VI. 15.) 

: CP; 

: K/iC, 

: Ck, 
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Also, since Rr is "bisected in Q, {Pi^ap. XIX, Cor. 1.) 
and KV \ Vk :: BQ : Qr, 
.-. Kr= Vk. 
Again, TK : Tk :: RK : rk, 

:: RK : kr\ 
:: GK '. Ck, 
\ TK-- Tk : TK-\- Tk :: CK-- Gk : CK -h Ck, 
01 2VT : 2rK :: 2VK : 2 VG, ' 
or VT : VK :: VK : VG, 
A VG.VT= VK\ 
But VG. VT= GV - GV. GT, [Euclid, 11. 2,) 
... OF"- GV.GT= VK\ 

.-. CF. (7r= (7F"- Fi^^ 

= (7F»-F^^ 
= GK.Gk, {Euclid, II. 6.) 
But GK.Gk= GP\ 
.-. OF. (7r= OP'. 



Prop. XXVIII. 

65. If two chords of a hyperbola intersect one another, the 
rectangles contained by their segments are proportional to the 
squares of the diameters parallel to them. 

Let Q Oq be any chord drawn through the point Oy and 
let GD be drawn parallel to it, meeting tne conjugate 
hyperbola in D. 

Produce Qq to meet the asymptotes in R and r ; and draw 
the diameter GPV, bisecting both Qq and Rr in F. [Prop. 
XIX. Gor. 2.) 

Also draw the tangent LPl parallel to Qq, meeting the 
asymptotes in L and I. 
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Now since Qq is divided equally in Fand oneqnally in 0, 
.: QO.Oq=QV*- OV; {Euclid, H. 5.) 

So also BO,Or = BV*- 0V\ {Euclid, II. 5.) 
/. BO. Or- QO.Oq = BV- QV, 

= BQ.Qr, {Euclid, TL 5.) 
= PL\ (Prop. XX.) 
.-. QO.Oq = BO. Or-PL\ 

Again, through and P draw EOe, P,Pp,, at right 
angles to the axis meeting the asymptotes in E, e, P,, p,; 
then 

BO : OE :: PL : PP„ 

and rO : Oe :: PI : Pp„ 

'. BO.rO : OE. Oe :: PL" : PP,.Pp,', 
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but PP, . Pp^ = BG\ [Prop. XVL) 
and Pi« = CD\ [Prop. XXIII.) 
.\ BO.rO I OE. Oe :: GD^ : jBC", 
or RO.rO : GD^ :: 0J5;. Oe : 5C», 
••• RO.rO-PL^ : (7i>« :: 0^. Oe^BG* : 5(7', 
or QO.Oy : GD^ :: 0J5;. Oe^BG^ : 5C'. 

In the same manner if through another chord Q' Oq' be 
drawn, and GD' be drawn parallel to it, meeting the con- 
jugate hyperbola in i>', we shall have 

Q'O.Oq' : GJD'' :: OE.Oe^BG' : BG\ 

Hence QO.Oq : Q'O. Oq' :: CjD" : GI)'\ 

The same result may be shown to be true when the point 
is outside the hj^erbola. 

66. Def. If with a point on the normal at Pas centre, and 
OP as radius, a circle be described touching the hyperbola at , 
P, and cutting it in Q ; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Gtrcle 
of Gurvature at the point P. 



Prop. XXIX. 

If PH be the chord of the circle of curvature at the point 
P of a hyperbola, which passes through the centre ; then 

PS. GP = 2 GD\ 

Let PT be the tangent, and PG the normal at the point 
P. 

With centre 0, and radius OP, describe a circle cutting 
the hyperbola in the point Q. 

Draw BQW parallel to GPj meeting the circle in TT, and 
TP produced in M. 

Also, draw Q V parallel to PR, meeting the diameter PP 
in V; then since RP touches the circle at P, 
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.-. EQ.BW= PB', {Euclid, III. 36.) 
or PV.BW= QV\ 



But QV* : PV.P'V : 


;: CD' : 


CP\ {Prop. XXVI.) 


.: PV.BW: PV.P'V: 


;: CD* : 


CP', 


or BW : P'V: 


;: CD' : 


CP\ 



Now, when the circle becomes the circle of curvature at P, 
the points R and Q move up to, and coincide with P, and the 
lines JB TFand PH become equal, while 

P' F becomes equal to PP\ or 2 CP. 

Hence, PH : 2CP i: CD^ : GP\ 

.-. PiT. OP : 2CP' :: 2Ci)" : 2GP\ 

.-. PH.CP=WD\ 



Prop. XXX. 

If PIT be the diameter of the circle of curvature at the 
point P of the hyperbola, and PF be drawn at right angles 
to CD] then 

PU.PF^2GD\ 
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Since the triangle PHUib similax to the triangle PFC, 

.: PU: PH :: CP : PF, 
.'. PU.PF=PH.CP, 

= 2 CI>\ [Prop. XXIX.) 



Pkop. XXXI, 

K PI be the chord of the circle of curvature through the 
focus of the hyperbola ; then 

PI. AG = 2 GD\ 

Let 8' P meet CD in E', then since the triangles PIU 
and PEF are similar, 

.-. PI : PU :: PF : PR 

But PE = AG, (iVop. XII. Cor.) 

.: PI : PU :: PF : A C, 

.: PI.AC=-PU.PF, 

= 2 CD", {Prop. XXX.) 



Prop. XXXII, 

67. If Pbe any point on the hyperbola, and CD be conju- 
I gate to CP; then 

8P.8'P= CD*. 

Draw Pir parallel to the asymptote CE meeting the 
directrices in /and 7', and CB' in TJ. 

Let the ordinates NP, MD meet the asymptote in R, and 
draw P W perpendicular to the directrix ; then by similar 
triangles, 

PI : PW :: CE : CX, 

:. CA : CX. {Prop.:K.Yn.) 
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But 8P : PW:: 8A : AX, 

:: CA : CX. 
.: 8P = PI; 
BO 8'P = PI', ■ 
.'. 8P.8P = PI.Pr, 

= UP*- UP, 
= CB' - GE\ 
= OB^ - CAKiProp.XYLl.) 
But CB* - CD' = BM* - Dip, 

= CA\ {Prop. XVI.) 
.-. CB' - CA' = Ci)». 
Hence ;SfP.;S'P= CD\ 



PROBLEMS ON THE HYPERBOLA, 



1. The locus of the centre of a circle touching two given 
circles is a hyperbola. 

2. If on the portion of any tangent intercepted between the 
tangents at tlie vertices a circle be described, it will pass 
through the foci. 

3. In a rectangular hyperbola the tangents at the vertices 
will meet the asymptotes in the circumference of the circle 
described on 88' as diameter. 

4. If from a point P in a hyperbola PIT be drawn parallel 
to the transverse axis meeting the asymptotes in / and /' ; 
ikenPI.Pr = AC\ 

5. If a circle be inscribed in the triangle 8P8\ the locus 
of its centre is the tangent at the vertex. 

6. It PN be the ordinate of the point P, and NQ a tangent 
to the circle described on the transverse axis as diameter, and 
PM he drawn parallel to QC meeting the axis in M, then 
MN^BC. 

7. K PN be the ordinate of a point P, and NQ be drawn 
parallel to AP to meet CP in Q, then AQ ia parallel to the 
tangent at P. 

8. If a hyperbola and an ellipse have the same foci, they 
cut one another at right angles. 

9. If the tangent at P intersect the tangents at the vertices 
in JS, r, and the tangent at P' intersect them in ii', r', then 
AB.Ar = AIi\Ar'. 
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10. If anj two tangents be drawn to a hjrperbola, the lines 
joining the points where they intersect the asymptotes will be 
parallel. 

11. The perpendicular drawn from the focus to the asymp- 
totes of a hyperbola is equal to the semi-conjugate axis. 

12. If the asymptotes meet the tangent at the vertex in 0, 
and the directrix in E; then AEia parallel to 80. 

13. In a rectangular hyperbola conjugate diameters are 
equal to one another. 

14. In a rectangular hjrperbola the normal P G is equal 
to CP. 

15. The lines drawn from any point in a rectangular 
hyperbola to the extremities of a diameter make equal angles 
with the asymptotes. 

16. Prove that the asymptotes to a hyperbola bisect the lines 
joining the extremities of conjugate diameters. 

17. A line drawn through one of the vertices of a hyperbola 
and terminated by two lines drawn through the other vertex 
parallel to the asymptotes will be bisected at the other point 
where it cuts the hyperbola. 

18. P is any point on a hyperbola, and P' a point on the 
conjugate hyperbola. K CP and CP' be conjugate, prove 
that 

I^P'--SP=:AC-BC, 

8 and 8' being the interior foci. 

19. If CP and CD be conjugate, and through C a line be 
drawn parallel to either focal distance of P, the perpendicular 
from D upon this line is equal to B C 

20. Given a pair of conjugate diameters, find the principal 
axes. 

21. If § be a point on the conjugate axis of a rectangular 
hyperbola, and QP loe drawn parallel to the transverse axis 
meeting the curve in P ; then 

PQ = AQ. 

22. In a rectangular hyperbola the focal chords drawn 
parallel to conjugate diameters are equal. 
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23. If in an equilateral hyperbola CY he drawn at riffkt 
angles to the tangent at P, and AY he joined, the trian^es 
P CA, CA Y are similar, 

24. The radius of the circle which touches a hyperbola and 
its asymptotes, is equal to that part of the latus rectum pro- 
duced which is intercepted between the curve and the asymp- 
totes. 

25. If QQ' be any chord of a hyperbola, and OP the 
diameter corresponding to it, and QH, PK, Q'H' be drawn 
parallel to one asymptote meeting the other in J3", jK" and H', 
then CH. CH' = GK\ 

26. K the chord BPP'Tl' intersect the hyperbola in the 
points P, P ' and the asymptotes in JB, JS' ; and P^be drawn 
parallel to CB', and P'K' to CB; then BK^ P'K\ and 
B'K' = PK. 

27. If -4^' be any diameter of a circle, and PNQ an 
ordinate to it, then the locus of the intersections oi APy A' Q 
is a rectangular hyperbola. 

28. If two concentric rectangular hyperbolas be described, 
the axes of one bein^ the asymptotes of the other, they will 
intersect at right angles. 

29. If any chord AP through the vertex be divided in Q, 
so that AQ : QP :: AG^ : BC\ and QNhe drawn to the 
foot of the ordinate PN, prove that a straight line drawn at 
right angles to QN &om Q cuts the transverse axis in the 
same ratio. 

30. Prove that the curve which trisects the arcs of all 
segments of a circle described upon a given base is a hyper- 
bola. 

31. If SVsi TVt he two tangents cutting one asymptote 
in 8y Tf and the other in s, t, prove that 

V8 : Vs :: Vt : VT. 

32. K from the exterior focus of a hyperbola a circle be 
described with radius equal to BG, and tangents be drawn to 
it from any point in the hyperbola, the line joining the points 
of contact will touch the circle described on the transverse 
axis as diameter. 
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33. Circles are drawn touching the straight line AB in 
a fixed point G; and from the fixed points A, B tangents 
are drawn to these circles. The locus of their intersection is 
an ellipse or hyperbola. Distinguish between the two cases. 

34. PP' is a double ordinate in an ellipse. APy A'P' are 
produced to meet in Q, Prove that the locus of Q is a 
hyperbola with the same axes as the ellipse. 

35. If the tangent at P intersect the asymptotes in L and 
Z, and P(? be the normal at P, then the angle i (? Z is a right 
angle. 

36. If an ellipse, a parabola, and a hyperbola, have a 
common tangent, and the same curvature at the vertex, the 
ellipse will be entirely within the parabola, and the parabola 
entirely within the hyperbola. 

37. The chord BPP'R' of a hyperbola intersects the 
asymptotes in B and B', From the point B a tangent B Q 
is drawn meeting the hyperbola in Q, K PjH", QK, P' H' h^ 
drawn parallel to one asymptote meeting the other in the 
points H, Z, H' ; then PH+ P'H' = 2 QK. 

38. If through P, P' on a hyperbola lines be drawn parallel 
to the asymptotes forming a parallelogram, of which PP' is 
one diagonal ; the other diagonal will pass through the centre. 

39. If P be the middle point of a line J5i^ which moves so 
as to cut off a constant area from the comer of a rectangle, its 
locus is an equilateral hyperbola. 

40. PM, PN are drawn parallel to the asymptotes GN^ 
GMy and an ellipse is constructed having GN^ GM for semi- 
conjugate diameters. If GP cut the ellipse in Q, the tangents 
at Q and P to the ellipse and hyperbola are parallel. 

41. If a circle be described through any point P of a given 
hyperbola and the extremities A, A' of the transverse axis ; 
and NP be produced to meet the circle in Q^ prove that Q 
traces out a nyperbola whose conjugate axis is a third pro- 
portional to the conjugate and transverse axes of the original 
hyperbola. 
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42. If lines be drawn from any point of a rectangular 
hyperbola to the extremities of a mameter, the difference 
between the angles which they make with the diameter will 
be equal to the angle which this diameter makes with its 
conjugate. 

43. If between a rectangular hyperbola and its asymptotes 
any number of concentric elliptic quadrants be inscribed, the 
rectangle contained by their axes will be constant. 

44. In the rectangular hyperbola if GP be produced to Q 
so that P Q = GP, and QO he drawn at right angles to GQ 
to intersect the normal in 0, is the centre of curvature 
at P. 

45. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are constructed; prove 
that if one hyperbola touch the ellipse the other will do so 
likewise; prove also that the diameters drawn through the 
points of contact are conjugate to each other. 

46. If a pair of conjugate diameters of an ellipse when 

E reduced be asymptotes to a hyperbola, the points of the 
yperbola at which a tangent to the hyperbola will also be a 
tangent to the eUipse, lie in an ellipse similar to the given 
one. 

47. In the rectangular hyperbola the radius of curvature at 
P is to the radius of curvature at P' in the triplicate ratio of 
GP to GP'. 

48. OP, OQ are tangents to an ellipse at P and Q, and 
asymptotes to a hyperbola. Show that a pair of their common 
chords is parallel to P Q. One of these chords being B 8, 
prove that if PB touches the hyperbola s.t P, Q8 touches it 
at 8; also i£ P8, QB meet in U, Z7 bisects P Q. 

49. The base of the triangle ABG remains fixed, while 
the vertex G moves in an equilateral hyperbola passing 
through A and B. If P, ^ be the points in which A (7, 
BG meet the circle described on AB as diameter, the inter- 
section of A Qy BP is on the other branch of the hyperbola. 



CHAPTER lY. 



THE SECTIONS OF THE CONE. 



68. Def. If two indefinite straight lines IOI\ D 0D\ inter- 
sect one another at a point 0, and one of them I OF remain 
fixed while the other BOB' revolves round it in such a 
manner that its inclination to lOT is the same in all positions, 
the surface generated by B OB' will be a MighX Gone, 

The line lOT is called the Axia^ and the point the 
Vertex of the G(mt, 

It now remains for us to show {see IrUroduction) that the 
curve formed by the intersection of this surface with a plane 
is in general one of the three curves whose properties we have 
been investigating, and to consider under what circumstances 
it will be the Parabola, Ellipse, or Hyperbola. 

If the cutting plane pass through the vertex of the cone as 
KOK\ and intersect the cone again ai all, it will in general 
cut it in two straight lines as OK, 0K\ which will represent 
two positions of the generating line. 

The inclination of these lines to each other will depend 
upon the inclination of the cutting plane to the axis of the 
cone, and will be greatest when this plane passes through the 
axis, in which case it will be double the constant angle between 
the axis and the generating line. 

If the cutting plane pass through a venerating line dod' 
and be perpendicular to the plane containmg this line and the 
axis, it will simply touch the cone along this Une. 
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Should the cutting plane not pass through the vertex, and 
be at right angles to the axis of the cone, the section will 
evidently be a circle. 

In any other case the section will, as we proceed to show, 
be a Parabola, Ellipse, or Hyperbola, 

Whatever be the position of the cutting plane with respect 
to the cone, we can always suppose a plane drawn through 
the axis of the cone at right angles to it ; and it will be 
convenient to have this latter plane represented by the plane 
of the paper as D Od, The cutting plane will therefore always 
be taken at right angles to the phuae D Od of the paper. 
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Prop, L 

69, The curve formed by the intersection of the surface of 
a right cone with a plane (which neither passes through its 
vertex, nor is at right angles to its axis) will be a Parabola^ 
Ellipse, or Hyperbola^ according as the inclination of the 
cutting plane to the axis of the cone is equal to, areatery or 
less than the constant angle which the generating line forms 
with the axis. 

Let the plane of the paper represent the plane drawn 
through the axis lOT of the cone at right angles to the 
cutting plane ; and let it intersect the surface of the cone in 
the two generating lines OD, Od, 

Let the cutting plane intersect the surface of the cone in 
the curve PA, and the plane of the paper in the line ANH. 

The curve will evidently be symmetrical with respect to 
this line. 

On AH take any point N, and through N draw a plane 
perpendicular to the axis meeting the surface of the cone in 
the circle RPr, and the cutting plane in the line PN, which 
will be at right angles to the plane of the paper and to AN. 

Let a sphere be inscribed in the cone touching the cone in 
the circle E Qe and the cutting plane in the point 8, and let the 
plane EQe intersect the cutting plane in the line XM, which 
will be at right angles to the plane of the paper and therefore 
parallel to PN. 

Draw PJf perpendicular to XM, and join P8, PO, and let 
PO meet the circle EQeia the point Q.* 

Then since P8 and P^ are both tangents to the sphere, 

.'.P8=PQ. 

But PQ = BE, 

/. P8 = BE. 

* N.B. In the figure, to avoid confusion, that part of the section which lies 
dboye the plane of the paper is alone represented. 
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But ^J5; : XN :: AE : AX. {Eudid, VI. 2.) 

a.ndAE=: AS, 

.\ BE I XN :: AS : AX, 

.'. SP: PM:: AS : AX, 

.'. the curve PA is either a Parabola, Ellipse, or Hyperbola, 
whose focus is S and directrix XM. 

Again, let ^J^meet the axis 0/in ^. 

Then the angle AFO will be the inclination of the cutting 
plane to the axis, 

(1.) Let the angle AFO = the angle FOd; 

then ^^ is parallel to Od, 
/. the angle AXE = the angle OeE = the angle A EX, 

.\ AE^^AX, 

••. AS ^AX, 

.\ the curve A P will be a Parabola. 

I 2 
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(2.) Let the angle AFO be > FOd\ then 

the complement FXE is < the complement OEe^ 

.'. the angle AXE is < the angle AEX^ 

.\ AE is < AXj 

01 A 8 is < AX, 

.'• the curve -4Pis an EUipae. 

Since the angles HFO^ FOd are together less than HFOy 
OF Ay i.e. than two right angles, the lines ^JTand Oe may 
be produced to meet in A\ 

If another sphere be described touching the cone in the 
circle E' Q'e' and the cutting plane in the point 8' ; and the 
line X'M' denote the intersection of the plane E Q'e' with 
the cutting plane, and PM be drawn at right angles to this 
line, it can easily be shown that 

8'P : PM' :: 8' A' : A'X:. 

Hence 8' and X'M represent respectively the other focus and 
directrix of the ellipse. 

(3.) Let the angle AFO be < FOd\ then 

the angle ^Xj^is > the angle AEX, 
.'. AEis > AXy 
.'. A8i3 > AX, 
.'. the curve PA is a Hi/perbola, 

Since the angles AFO, FOd' are less than the two FOd, 
FOd'y i,e. than two right angles, the lines FA and dO may 
be produced to meet in A'. 

In this case the cutting plane will intersect the other half of 
the cone, and if any point P' be taken on this part of the 
curve, and P'M be drawn at right angles to XM,it can be 
shown as before that 

8^ : PMi: 8A : AX. 

The intersection of the cutting plane therefore with this 
portion of the cone will be the other Wanch of Uie hyperbola. 
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Also if another sphere be described touching the upper 
portion of the cone in E' Q'e', and the cutting plane in 8', 
and the line X'iT denote the intersection ot the plane 
E' Q'e' with the cutting plane, and F M' be drawn at right 
angl^ to this line, it can oe easily shown that 

8'F : FM' :: S' A' : A'X'. 

Hence 8' and X'JW will represent respectively the other 
focus and directrix of the hyperbola. 

Cob. 1. In this last case, i.e, when the section is an hyper- 
bola, if a plane OKL be drawn through the vertex of the 
cone j)arallel to the cutting plane, meeting the plane of the 
paper in the straight line 02>, and the surmce of the cone in 
the generating line OK] then 

OL : OK :: OL : OR, 

AN : AR, 

AX : AE, {Euclid, VI. 2.) 
AX : A8, 
CA : 08, {Chap. HI, Prop. H.) 

where G is the middle point of A A' and therefore the 
centre of the hyperbola ; 

.*. KOLiB half the angle between the asymptotes. {Chap, 
III. Prop. XVI.) 

Cor. 2. If the cutting plane is parallel to the axis, OL and 
J coincide. 

In this case half the angle between the asymptotes of the 
hyperbolic section is equsd to the constant angle D 01, and 
we can at once see that (7 is the semi-conjugate axis. 

This affords a convenient method of obtaining a pair of 
conjugate hyperbolas. 

Draw Oi at right angles to OJ in the plane of the paper, 
and let another cone be formed by supposing OD to revolve 
round Oiia such a manner that the angle DOtis the same 
in all positions, and equal to the complement of I) 01. 
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Then if through any point A on the common generating 
line OD we draw two plimes at right angles to the plane of 
the paper, and parallel respectively to 0/and Oi, they will 
cut the cones in two hyperbolas, whose semi-transverse axes 
will be respectively Au, OC, and whose semi-conjugate axes 
will be respectively OC, AC^ and which therefcre will be 
conjugate to each other. 
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1. The foci of all parabolic sections which can he cat from 
a given right cone. Ue upon the snr&ce of another cone. 

2. The foci of all elliptical sections of a given right cone, 
in which the ratio of GA to C8 is the same, will he on two 
other cones. 

• 3. The extremities of tiie minor axes of the elliptical sec- 
tions of a right cone made by parallel planes, he on two 
generating lines. 

4. The latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola* 

5. Under what conditions is it possible to cut an equilateral 
hyperbola from a given right cone ? 

6. Two cones whose vertical angles are supplementary are 
joined as in Art 69, Cor, 2. Prove that the latera recta of the 
curves of section made by planes parallel or perpendicular 
to the plane of the axes are in the duplicate ratio of the 
axes of the cones, supposing the cones to be terminated by 
the circular sections made by planes drawn throus^h the same 
point in the common genera^ng line. 



THE END. 
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on Septuagesima Sunday, Pebruary 4, 1855, being the Sunday after the 
Funeral ofthe Venerable Archdeacon Hare. By the Rev. H.VENN ELLIOTT, 
Perpetual Curate of St. Mary's, Brighton, late Fellow of Trinity College, 
Cambridge, and the Rev. J. N. SJMPKINSON, Rector of BringtoD, North- 
ampton, formerly Curate of Herstmonceux. Svo. U. €d. 

HEMMING.— An Elementaiy Treatise on the Di£ferential 

and Integral Calculus. For the Use of Colleges and Schools. By 6. W. 
HEMMING, M.A. Fellow of St. John's College, Cambridge. Second 
Edition^ with Corrections and Additions. Svo. cloth, 9». 

HERVET.— The Genealogies of our Lord and Saviour Jesns 

Christ, as contained in the Gospels of St. Matthew an^ St. Luke, reconciled 
with each other and with the Genealogy ofthe House of David, from Adam to 
the close of the Canon of the Old Testament, iaxd shown to be in harmony with 
the true Chronology of the Times. By Lord ARTHUR HERVEY, ILA. 
Rector of Ickworth with Horringer. Svo. cloth, 10«. 6d. 

HERVEY.— The Inspiration of Holy Scripture. 

Five Sermons preached before the University of Cambridge, in the month of 
December 1855. Svo. cloth, St. 6d. 

HOWARD.— The Book of Genesis, according to the Version 

of the LXX. Translated into English, with Notices of its Omissions and In- 
sertions, and with Notes on the Passages in which it differs from our Authorized 
Version. By the Hon. HENRY £. J. HOWARD, D.D. Dean of Lichfield. 
Crown Svo. cloth, St. 6d, 

HOWARD.— The Books of Exodus and Leviticus. 

Uniform with the above. [/» the Pret$, 

HOWES.— A History ofthe Christian Church during the First 

Six Centuries. By J. G. HOWES, M.A. Fellow of St. Peter's Coll. Camb. 

[Nearly ready. 
*»* This is part of a Series of Theological Manuals now in progress. 

HUMPHREYS.— Exercitationes lambicae; or, Progressive 

Exercises in Greek Iambic Verse. To which are prefixed the Rules of Greek 
Prosody, with copious Notes and Illustrations of the Exercises. By E. R. 
HUMPHREYS, LL.D. Head Master of the Cheltenham Grammar School. 
Second Edition. Fcap. cloth, 5«. 6d. 

INGLEBY.-Outlines of Theoretical Logic. 

Founded on the New Analytic of Sir William Hamiltok. Designed for a 
Text-book in Schools and Colleges. By C. MANSFIELD IN6LEBY, M.A. 
of Trinity College, Cambridge, Teacher of Logic in the Industrial Department 
of the Birmingham and Midland Institute. In fbap. 8vo. cloth, 3«. %d. 

[Jutt ready. 

JEWELL.— An Apology of the Church of England, and an 

Epistle to Seignior Scipio concerning the Council of Trent, translated from the 
original Latin, and illustrated with Notes, chiefly drawn trora. the Author's 
« Defence of the Apology." By A. T. RUSSELL. Fcp. Svo. bds. St, 
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JUSTIN MART7R.-S. Justini Philosophi et Martyris 

Apologia Prima. Edited, with a corrected Text, and English Introduction 
and explanatory Notes, by W. TROLLOPE, M.A. Pembroke College, Cam 
bridge. 8yo. bds. 1$. 6d, 

JUVENAL.— Juvenal: chiefly from the Text of Jahn. 

With English Notes for the Use of Schools. By J. E. B. MAYOR; M.A. 
Fellow and Classical Lecturer of St. John's College, Cambridge. Crown 8yo. 
cloth, 10«. 6d. 

KENNEDY.— The Influence of Christianity upon Inter- 
national Law. The Hulsean Pri^e Essay in the University of Cambridge for 
the year 1854. Crown 8vo. clo*h, 4$. 

EIN6SLEY.— '' Westward Ho !" or, the Voyages and Adven- 
tures of Sir Amyas Leigh, Knight of Burrough, in the County of Devon, in 
the Reign of Her Most Glorious M^esty Queen Elizabeth. By CHARLES 
KINGSLEY. Second Edition. 8 vols, crown 8vo. 1/. lU. 6d. 

KINGSLEY.— The Heroes: or, Greek Fairy Tales for my 

Children. With Eight Illustrations after Drawings by the Author. In 8vo. 
beautifully printed on tinted paper, and elegantly bound in cloth, with gilt 
leaves, 7t. 6d. 

"If the public accept our recommendation, Mr. Kingsley's little book will run 
through many editions." — OuardiaUf March 12, 1856. 

KINGSLEY— Glaucus ; or, the Wonders of the Shore. 

Third Edition, corrected and enlarged. With a Frontis^ece. Fcap. 8vo. 
elegantly bound in cloth, with gilt leaves, S». 6d, 

KINGSLEY.- Alexandria and Her Schools: being Four Lee- 

tures delivered at the Philosophical Institution, Edinburgh. With a Preface. 
Crown 8vo. cloth, 5*. 

KINGSLEY.— Phaethon ; or Loose Thoughts for Loose 

Thinkers. Second Edition. Crown 8vo. boards, 2«. 

LATHAM.— Geometrical Problems in the Properties of Conic 

Sections. By H. LATHAM, M.A. Fellow and Tutor of Trinity Hall. 8vo. 
sewed, 3$.6d» 

LECTURES to Ladies on Practical Subjects. 

Delivered in London during the month of July, 1855, by the Rev. F. D. 
MAURICE, Professor TRENCH, Archdeacon ALLEN, J. S. BREWER, 
J. LL. DAVIES, CHARLES KINGSLEY. Dr. CHAMBERS, 
Dr. SIEVEKIN6, Dr. JOHNSON, TOM TAYLOR, Esq., and 
F. J. STEPHEN, Esq. Second Edition. Crown 8vo. cloth, 7s. 6d. 

LETTERS from Italy and Vienna. 

Small 8vo. cloth, 5t. 6d. 

LUSHINGTON.— La Nation Boutiquidre : and other Poems, 

chiefly Political. With a Prefac«. By the late HENRY LUSHINGTON» 
Chief Secretary to the Governor of Malta. Points Of War. By 
FRANKLIN LUSHIN6T0N, Judge in the Supreme Courts of the Ionian 
Isles. In 1 vol. fcap. 8vo. doth, 3t, 
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MACEENZIE.-'The Christian Clergy of the first Ten Cen- 
turies: their Iilduenceon European Civilization. By HENRY MACKENZIE. 
B.A. formerly Scholar of Trinity College, Cambridge. Crown 8vo. cloth, 6$. 6d. 

MANSFIELD.— Faragnay, Brazil, and the Plate. 

With a Map, end numerous Woodcuts. Edited from the Author's MSB.' 
With a Sketch of his Life. By the Rev. CHARLES XINGSLEY. Crown 
8vo. cloth, \2s. 6d. [Jiui ready, 

MANSFIELD.— On the Constitution of Salts. 

Edited from the Author's MS. by N. H. S. MASKELYNE, M.A. Wadham 
College, and Reader in Mineralogy in the University of Oxford, [fn the Preu. 

M'COY. — Preparing for Publication; to be completed in about Five Parts, 
price 5«. each, forming One Volume 8vo. of about 500 pages, with nearly 1,00C 
illustrations in the text, drawn and engraved by the Author, 

A Mannal of the Genera of British Fossils. 

Comprising Systematic Descriptions of all the Classes, Orders, Families, and 
Qenera of Fossil Animals found in the Strata of the British Isles ; with 
figures of all the Generic Types. By FREDERICK M>C0Y, F.G.S., Hon. 
F.C.P.S., Professor of Natural History in the Universityof Melbourne, Author 
of " Characters of the Carboniferous Limestone Fossils of Ireland," " Synopsis 
of the Silurian Fossils of Ireland," one of the Authors ^of '< Sedgwick and 
M 'Coy's British Palnozoic Rocks and Fossils," &c. 

M^COY. — Preparing for Publication, in One Volume, crown 8vo. with numerous 
Illustrations, 

An Elementary Introduction to the Study of Palaeontology. 

With numerous Figures illustrative of Structural Details. 
*«* This little Work is intended to supply all that elementary information on the 
Structure of Fossil Animals, with reference to the most nearly allied existing 
types, illustrated explanation of technical terms, &c. which the beginner may 
require, but which would be out of place in the Author's systematic volume 
on the Genera. 

M'COY.— Contributions to British PalsBontology; or, First De- 
scriptions of several hundred fossii Radiata, Articulata, Mollusca,and Pisces, 
ttom the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. 8vo. cloth, 9e. 

*«* This forms a complete Series of the Author's Papers from the "Annals of 
Natural History." 

MASSON.— Essays, biographical and Critical; chiefly on the 

English Poets. By DAVID MASSON, M.A. Professor of English 
Literature in University College, London. 8vo. cloth, I2s. 6d. 

MAURICE.— Discourses on the Gospel according to St. John. 

Crown 8vo. cloth. [Nearlff ready. 

MAURICE.— A Photograph Portrait of Rev. P. D. Maurice, 

4to. price 6«. 

MAURICE.— Lectures on the Ecclesiastical History of the 

First and Second Centuries. By FREDERICK DENISON MAURICE, 
M.A. Chaplain of Lincoln's Inn. 8to. cloth, 10«. 6<r. 
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MAUBICE— The Unity of the New Testament, being a 

Synopsis of, and Commentary, on the first three Gospels, and the Epistles of 
St. James, St. Jude, St. Peter, and St. Paul. 8vo. cloth, lis. 

MAUBIGE.— Tatriarchs and Lawgivers of the Old Testament. 

Second Edition. With new Preface. Crown 8vo. cloth, 6s. 

MAUBIGE— The Prophets and Kings of the Old Testament. 

Crown Svo. cloth. Second Edition. 10«. 6d. 

MAURICE.— Theological Essays. 

Second Edition^ with a new Preface and other additions. Crown Svo. 
cloth, 10«. 6d. 

MAURICE.— The Doctrine of Sacrifice deduced from the 

Scripture^. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. Crown Svo. cloth, 7«. 6d, 

MAURICE.— Christmas Day, and other Sermons. 

Svo. cloth, I0«. 6d. 

MAURICE.— The Religions of the World, and their relations 

to Christianity. Third Edition. Fcap. Svo. cloth, Ss. 

MAURICE.— The Prayer-Book considered, especially in re- 
ference to the Eomish System. Second Edition. Fcap. Svo. cloth, Ss. 6d. 

MAURICE.— The Church a Family. Twelve Sermons on the 

Occasional Services of the Prayer-Book. Fcap. Svo. cloth, 4s. 6d. 

MAURICE.— On the Lord's Prayer. 

Third Edition. Jcap. Svo. cloth, 2«. 6d. 

MAURICE.— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of H story. Fcap. Svo. cloth, 2s. 6d. 

MAURICE.— Learning and Working.— Six Lectures delivered 

in Willis's Rooms, London, in June and July, 1854. The Religion of 
Rome, and its inflaence on Modem Civilisation.— Four Lec- 
tures delivered in the Philosophical Institution of Edinburgh, in December 
1854. In One Volume, Crown Svo. cloth, 5s. 

MAURICE.— An Essay on Eternal Life and Eternal Death, 

and the Preface to the nev Edition of " Theological Essays." Crown Svo. 
sewed. Is. 6d. 

*^^* Published separately for the purchasers of the first edition. 

MAURICE.— Death and Life. A Sermon Preached in the 

Chapel of Lincoln's Inn, March 25, 1S55. Jn fiimniam (S. %. IV* Svo. 
sewed. Is. 

MAURICE.— Plan of a Female College for the Help of the 

Rich and of the Poor. A Lecture delivered at the Working Men's College, 
London, to a Class of Ladies. Svo. 6d. 

MAURICE.— Administrative Reform. 

A Lecture delivered at the WorkiDg Men's College, London. Crown Svo. Sd, 
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MAUBIGE.— The Word " Eternal;' aaid the Ponishment of 

the Wicked. A Letter to the Rev. Dr. Jelf, Prinoipai of King's College. 
London. Filtk Thousand. 8to. 1«. 

MAURICE.— The Name "Protestant:" the Seemingly Doable 

Character of the English Church: and the English Bishopric at Jerusalem. 
Three Letters to the Rev. Wm. Palmer, Fellov and Tutor of Magdalen- 
College, Oxford. Second Bdition. 8vo. Sf. 

MAURICE.— On Right and Wrong Methods of Supporting 

Protestantism. A Letter to Lord Ashley. 8to. 1«. 

MAURICE.— Thoughts on the Duty of a Protestant, in the 

Oxford Election of 1847. 8to. 1«. 

MAURICE.— The Case of Queen's College, London. 

A Letter to the Lord Bishop of London, in reply to the " Quarterly Review." 
8vo. 1«. 6d. 

MAURICE.— Lectures on Modem History and English 

Literature. [Preparing, 

MAURICE.— Law's Remarks on the Fable of the Bees, with 

an Introduction of Eighty Pages by FREDERICK DENISON MAURICE, 
M.A. Chaplain of Lincoln's Inn. Fcp. Svo. cloth, 4«. 6a. 
**Thlt introduction diteuMet tbe Reliffout, Political, Social, and Ethical Tbeorlet of oar 
day, and thowt the tpecial worth of Law's method, and how far it it applicable to our eir- 
cumstaneei.** 

MINUCIUS F£LIX.-The Octavius of Minucius Felk. 

Translated into English by LORD HAILES. Fcp. 8vo. cloth, 3«. M, 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Rwiew and of the Enegoloptedia Britanniea, Post 8vo. 
cloth, 7s. 6d. 

NIND.-Sonnets of Cambridge Life. By Rev. W. KIND, M.A. 

Fellow of St. Peter's College. Post 8vo. boards, 2«. 

NIND.— The (rerman Lyrist; or, Metrical Versions from the 

principal German Lyric Poets. By Rev. W. NIND, Fellow of St. Peter'a 
College. Crown 8to. cloth, 3«. 

NORRIS.— Ten School-Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
Majesty's Inspectors of Schools. 18mo. sewed, 8d. 

PALE Y.— An Analysis of Paley's Evidences of Christianity, 

in the form of Question and Answer. With the Senate House Papers for 
the Year 1854. By CHARLES H. CROSSE, M.A. of Gonyille and Caiua 
College. ISmo. boards, 8«.6d. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes'at the University, and the Higher Classes in 

- Schools. With a Collection of Examples. By S. PARKINSON, M.A. Fellow 

and Assistant Tutor of St. John's College, Cambridge. Crown 8vo. cloth, 9s. 6d. 
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PARMINTER.— Materials for a (rrammar of the Modem 

English Language. Designed as a Text-book of Classical GraminaT for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HEl^Y PARMINTER, of Trinity College, Cambridge; Rector 
of the United Panshes of SS. John and George, Exeter. Fcap. 8vo. cloth, 3«. 6d, 

PAYN— Poems. 

By JAMES PATN. Fcp. 8vo. cloth, Ss, 

PEACE IN WAK $n fiUmmiam it. K. 

Crown Svb. sewed, It. 

PEARSON.— Elements of the Galcnlns of Finite Differences, 

treated on the Method of the Separation of Symbols. By J. PEARSON, M.A. 
Rector of St. Edmund's, Norwich, Mathematical Master of Norwich Grammar 
School, and formerly Scholar of Trinity College, Cambridge. Second 
Edition^ enlarged. 8vo. 5«. 

PEROWNE.-" Al-Adjrmniieh." 

An Elementajy Arabic Grammar, with a Translation. By J. J. S. PEROWNE, 
M.A. Fellow of Corpus Christi College, Cambridge, and Lecturer in Hebrew 
in King's College, London. 8vo. cloth, 5». 

PERRY,— Five Sermons Preached before the University of 

Cambridge, in November 1855. By the Right Rev. CHARLES PERRY, 
Lord Bishop of Melboiime, formerly Fellow and Tutor of Trinity College, 
Cambridge. Crown 8vo. cloth, 3«. 

PHEAR.— Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. By J. B. 
PHEAR, M.A., Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 
8vo. cloth, 10«. 6d, 

PHEAR.— Elementary Hydrostatics. 

Accompanied by numerous Examples.* Crown 8vo. cloth, 5*. 6d, 

PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Vaughan, M.A.) Second 
Edition. 8yo. cloth. [Preparing. 

POWELL.— The Scriptural Doctrine of the Influence of the 

Holy Ghost, as Illustrated by the Analogy of Nature. The Bumey Prize Essay 
for the year 1853. 8vo. sewed, 2«. 6d. 

PRATT.— The Mathematical Principles of Mechanical 

Philosophy. By J. H. PRATT, M.A., Fellow of Caius College. 

*»* The above work is now out of Print: bui the Part on STATICS heu been re- 
edited by Mr. Todhunter, with numerous alterations and additions: the Part on 
DYNAMICS, by Messrs. Tait and Steele^ is just published. The other parts will be 
published in separate forms, improved and altered as may seem needful. 

PRINCIPLES of ETHICS according to the NEW TESTA- 
MENT. Crown 8yo. 2s. 
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PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M.A., Vicar of Witton. 
Norfolk, and late Fellow of St. Catherine's Hall. Second Edition, 
revised and enlarged. Crown Svo. cloth, 10«. 6d. 
*«* This is part of a series of Theological Manuals, i^w in progress. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By G. HALE PUCKLE, M.A., St. John's College, Cambridge; Principal of 
Windermere College. Second Edition, enlarged and improved. Crown 
Svo. cloth, 7s. 6d. 

PURTON— The Acts of the Apostles. 

With a Paraphrase and Exegetical Commentary. By JOHN SMYTH 
PURTON, M.A. Fellow and Tutor of St. Catherine's Hall, Cambridge. Svo. 

[Preparing, 

RAMSA7.— The Catechiser's Manual; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A* of Trinity College, 
Cambridge. ISmo. cloth, 3«.6£{. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Chaplain to his Excellency the Lord Lieutenant of Ireland ; and late Don- 
nellan Lecturer }.n the University of Dublin. Crown Svo. cloth, 7s. 6d. 

ROBINSON.— Autobiography of Matthew Robinson. 

Now first published. With Illustrations. By J. E. B. MAYOR, M.A. Fellow 
and Assistant Tutor of St. John's College. Fcap. Svo. uniform with Lives of 
Ferrar, bound in cloth, 5s. 6d. [Just ready. 

ROBINSON.— Missions urged upon the State on grounds 

both of Duty and Policy. An Essay which obtained the Maitland Prize in 
the year 1852. By C. K. ROBINSON, M.A., Fellow and Assistant Tutor of 
St. Catherine's Hall, Cambridge. Fcp. Svo. cloth, 3s. 

ROSE (Henry John).— An Exposition of the Articles of the 

Church of England. By HENRY JOHN ROSE, B.D. late Fellow of St. 
John's College, and Hulsean Lecturer in the University of Cambridge. 

[Preparing » 
*«* This is part of a Series of Theological Manuals now in progress. 

SALLUST.-SaUust. 

The Latin Text, with English Notes. By CHARLES MERIVALE, B.D.; 
late Fellow and Tutor of St. John's College, Cambridge, Sec, Author of the 
" History of Rome," &c. Crown Svo. cloth, 5s, 

SEDGWICK AND M'COY'S British Palseozoic Fossils. 

Part I. 4to. sewed, 16*. 

■ — — — ^— — — Part II. 4to. sewed, 10*. 

— —— ^^ Part III. completing the 

work, 16<. Just ready. 

*»* Thb whole bound IK Two Vols., 4to, cloth, £2 2$. 
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SELWYN.— The Work of Christ in the World. Pour Sermons 

preached before the University of Cambridge, on the four Sundays preceding 
Advent in the year of our Lord 1854. By the Right Rev. GEORGE 
AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly Fellow of 
St. John's College. Third Edition. Crown 8vo. 2s. 

SELWYN.— A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled by THE BISHOP OF NEW ZEALAND, for the use 
of the Melanesian Mission. Small folio, cloth, 14«. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Time of the Refor- 
mation, adapted for the use of Students in the Universities and in Schools. 
By WILLIAM SIMPSON, M.A. With Examination Questions. Second 
Edition^ Improved. Fcp. 8vo. cloth, 5s, 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B.A. Degree. By BARNARD SMITH, M. A., Fellow of St. 
Peter's College, Cambridge. Third Edition, enlarged and revised 
throughout. Crown 8vo. cloth, lOs, 6d. 

SMITH.— Arithmetic for the use of Schools. By BARNARD 

SMITH, M.A. Fellow of St. Peter's College. Fourth Thousand, with 
Additions. Crown 8vo. cloth, is. 6d. 

*»* This has been published in accordance with very numerous requests ft-om 
Schoolmasters and Inspectors of Schools. It comprises a complete reprint of the 
Arithmetic from Mr. Smith's larger work, with such alterations as were necessary 
in separating it ftom the Algebra, and references throughout to the Decimal System 
of Coinage. 

SMITH.— A Key to Mr. Smith's Arithmetic for Schools. 

Crown 8vo. cloth, %s. 6d. 

SMITH.— Mechanics and Hydrostatics, in their Principles 

and Application : with numerous systematically arranged Examples, taken 
from the Cambridge Examination Papers. With a special reference to the 
Ordinary Examination for B.A. Degree. By BARNARD SMITH, M.A. 
Fellow of St. Peter's College, Cambridge. {Preparing, 

SNOWBALL— The Elements of Plane and Spherical 

Trigonometry. Greatly improved and enlarged. By J. C. SNOWBALL, M.A. 
Fellow of St. John's College, Cambridge. Eighth Edition, with Additions 
and Improvements. Crown Svo. cloth, 7s. 6d, 

SWAINSON.— A Hand Book to Butler's Analogy. 

With a few Notes. By C. A. SWAINSON, M.A. Principal of the Chichestei 
Theological College, formerly Fellow and Tutor of Christ's College Cam> 
bridge, and Preacher at Whitehall. Crown 8yo. 1«. 6d, 
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TAIT and STEELE.— A Treatise on Dynamics, with nume- 
rous Examples. By P. O. TAIT, FeUov of St. Peter's College, and Professor 
of Mathematics in Queen's CoUege, Belfast, and W. J. STEELE, FeUoir of 
St. Peter's College. Crown Svo. cloth, 10«. 6d. {Juii read^f. 

This is a new Edition of that part of Pratt's Mechanical Philosophy which 
treats of Dynamics, with large additions and improToments. 

TATLOB.— The Restoration of Belief. 

By ISAAC TAYLOR. Crown Svo. cloth, Sa, M. 

THEOCRITUS.— Theocritus. 

The Greek Text, with English notes, Critical and Explanatory, for the use of 
Colleges and Schools. By £. H. PEBOWI^E, MjL,, Fellow of Corpus 
Christi College. Crown Svo. . IPreparing, 

THEOLOGICAL Manuals. 

Just published :— 
CHURCH HISTORY : THE MIDDLE AGES. By CHARLES HABD- 

WICK. With Four Maps. Crown Svo. cloth, price 10«. 6d. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Second Edition. Crown 8yo. cloth, 10«. 6d. 
A HISTORY OF THE CANON OP THE NEW TESTAMENT. By 

B. F. WESTCOTT. Crown Svo. cloth, 12«. 6d. 
CHURCH HISTORY : THE REFORMATIOIL By CHARLES HARD- 

WICK. Crown 8to. cloth. 10«. 64. 

The following will shortly appear: — 
INTRODUCTION TO THE STUDY OF THE OLD TESTAMENT. 
NOTES ON ISAIAH. 
INTRODUCTION TO THE STUDY OF THE GOSPELS. 

EPISTLES. 

NOTES ON THE GOSPELS AND ACTS. 

^- EPISTLES AND APOCALYPSE. 

CHURCH HISTORY, THE FIRST SIX CENTURIES. 

17th CENTURY TO THE PRESENT TIME. 

THE THREE CREEDS. 

THE THIRTY-NINE ARTICLES. 

*,* Others are in progress, and will heaanoonoed in due time. 

THRING.— A Constrning Book. 

Compiled hy the Rey. EDWARD THRING, MJk. late Fellow of King's 
CoUege, Cambridge, and Head Master of Uppingham School. Fcap. Svo. 
cloth, U, 6d. 

THBING.— The Elements of Grammar taught in English. 

By EDWARD THRING, M.A. Head Master of the Royal Grammar 
School, Uppingham; late Fellow of lying's CoUege, Cambridge. Second 
Edition. 18mo. hound in cloth, 2«i 

THRING— The Child's Grammar. 

Being the substance of the above, with Examples for Pivctice. Adapted for 
. Junior Classes. A Ifew ZMUU,on. 18mo. limp cloth, I«. 
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THRUPP.— Psalms an'd Hymns for Public Worship. Selected 

and Edited by JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington^Iate 
Fellow€f Trinity College. ISrno. cloth, '2«. Second paper in limp cloth, IsAd. 

THRXJPP.— Antient Jerusalem : a New Investigation ii^to the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records i^d prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barringtoi|, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, I5t. 

TODHUNTER.— ^A Treatise on the Differential Calculus ; and 

the Elements of the Integral Calculus. With numerous Examples. By 
I. TODHUNTER, M.A., Fellow and Tutor of St. John's College, Cambridge. 
Second Edition. Crown 8vo. cloth, 10«. 6d. 

TODHUNTER.— A Treatise on the Integral Calculus. 

With numerous Examples. Crown Svo. cloth. [In the Press, 

TODHUNTER. -> A Treatise on Analytical Statics, with 

numerous Examples. Crown Svo. clotht 10«. 6d. 

TODHUNTER.— A Treatise on Conic Sections. With 

numerous Examples. For the Use of- Colleges and Schools. Crown Svo. 
cloth, lOs^ed. 

TODHUNTER.— A Treatise on Algebra, for the Use of 

students in the Universities, and of the Higher Classes in School?. [Prep. 

Also by the sameAuthoK$ 

An Elementary Work on the same subject, for the use of 

Beginners. 

TRENCH.-^Synoityms cff the New Testament 
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